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Abstract 

Sandwich materials play a vital role in many industries due to their unique combination 

of lightness and robustness. They offer excellent mechanical strength while reducing structural 

weight, which is particularly advantageous for aerospace, automotive, and building. Their use 

also improves energy efficiency and reduces production costs. Additionally, these materials 

provide good thermal and acoustic insulation properties. In the field of civil engineering, 

sandwich materials are increasingly used for constructing bridges and buildings, as they enable 

the creation of lighter structures that are more resistant to environmental stresses and dynamic 

loads.  

Building on the significance of sandwich materials, the work focuses on studying the 

mechanical behaviour of antisymmetric composite sandwich plates. The study is conducted 

using a new refined high-order shear deformation theory with four variables under mechanical 

loading. 

This novel approach offers several significant features: it incorporates shear effects in 

deformation calculations without the need for shear correction factors. Shear stresses vary 

parabolically through the sandwich plate’s thickness. Additionally, the theory satisfies the 

nullity condition of these shear stresses at the upper and lower surfaces of the sandwich 

composite plate. Numerical results obtained from this refined high-order theory are compared 

with those from other well-known high-order theories.  

In conclusion, this present refined high-order shear deformation theory is precise, 

validated, and recognized as effective for studying the mechanical behaviour of composite 

sandwich plates. 

Keywords: composite materials, sandwich plate, bending, refined high order plate’s theory, 

transverse shear. 
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  ملخص

من الصناعات بفضل مزيجها الفريد من الخفة والمتانة. ندويتش دورًا أساسيًا في العديد تلعب المواد الس

فهي توفر مقاومة ميكانيكية ممتازة مع تقليل الوزن الهيكلي، مما يُعد مفيدًا بشكل خاص في صناعات 

بناء. كما أن استخدامها يحسن من كفاءة الطاقة ويقلل من تكاليف الإنتاج. الالطيران والسيارات و 

في مجال الهندسة المدنية،  .ذه المواد خصائص عزل حراري وصوتي جيدةبالإضافة إلى ذلك، توفر ه

 وأكثر 
ً
مكن من إنشاء هياكل أخف وزنا

ُ
ستخدم المواد المركبة بشكل متزايد في بناء الجسور والمباني، لأنها ت

ُ
ت

 .مقاومة للإجهادات البيئية والأحمال الديناميكية

دويتش نة السلوك الميكانيكي للألواح السهذا العمل على دراسندويتش، يركز استنادًا إلى أهمية المواد الس

ن الدرجة مالعرض ي المركبة غير المتماثلة. يتم إجراء الدراسة باستخدام نظرية جديدة ومكررة لتشوه القص 

 .العالية بأربع متغيرات تحت التحميل الميكانيكي

ندويتش: فهي تدمج تأثيرات الس حالو أ اسة سلوكفي در  تقدم هذه المقاربة المبتكرة العديد من الميزات الهامة

 كافئم تتغير إجهادات القص بشكل قطع القص في حسابات التشوه دون الحاجة إلى عوامل تصحيح القص.

شرط انعدام هذه الإجهادات  النظريةهذه  ندويتش. بالإضافة إلى ذلك، يتوفر فيعبر سمك اللوح الس

قارن النتائج العددية التي تم الالمركب ندويتشللوح السالعلوي والسفلي  القصية عند السطحيْن
ُ
حصول . ت

عليها من هذه النظرية المكررة ذات الدرجة العالية مع نتائج أخرى مستمدة من نظريات عالية الدرجة 

 .عروفةالم

 داتمعيمكن ال  لقص من الدرجة العالية دقيقة، والنظرية المكررة لتشوه ا ن هذهأوعليه يمكننا القول 

 .لواح السندويتش المركبةلدراسة السلوك الميكانيكي لأ كما تعتبر فعالة، عليها

نظرية الألواح المكررة ذات الدرجة العالية؛ المواد المركبة؛ لوحة سندوتش؛ النحناء؛  كلمات مفتاحية:

 القص العرض ي.
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Résumé 

Les matériaux sandwich jouent un rôle essentiel dans de nombreuses industries grâce à 

leur combinaison unique de légèreté et de robustesse. Ils offrent une excellente résistance 

mécanique tout en réduisant le poids structurel, ce qui est particulièrement avantageux pour 

l'aérospatiale, l'automobile et la construction. Leur utilisation améliore également l'efficacité 

énergétique et réduit les coûts de production. De plus, ces matériaux fournissent de bonnes 

propriétés d'isolation thermique et acoustique. Dans le domaine du génie civil, les matériaux 

sandwich sont de plus en plus utilisés pour la construction de ponts et de bâtiments, car ils 

permettent de réaliser des structures plus légères et plus résistantes aux contraintes 

environnementales et aux charges dynamiques. 

En s'appuyant sur l'importance des matériaux sandwich, ce travail se concentre sur l'étude 

du comportement mécanique des plaques sandwich en matériau composites antisymétriques. 

L'étude est réalisée en utilisant une nouvelle théorie raffinée de déformation et de cisaillement 

d'ordre élevé à quatre variables sous chargement mécanique. 

Cette approche novatrice offre plusieurs caractéristiques importantes : elle intègre les 

effets de cisaillement dans les calculs de déformation sans recours à des facteurs de correction 

de cisaillement. Les contraintes de cisaillement varient de manière parabolique à travers 

l'épaisseur de la plaque sandwich. De plus, la théorie satisfait la condition de nullité de ces 

contraintes de cisaillement aux surfaces supérieure et inférieure de la plaque sandwich 

composite. Les résultats numériques obtenus à partir de cette théorie raffinée d'ordre élevé sont 

comparés avec ceux d'autres théories d'ordre élevé bien connues. 

En conclusion, cette présente théorie raffinée de déformation et de cisaillement d'ordre 

élevé à quatre variables est précise, validée et reconnue comme efficace pour étudier le 

comportement mécanique des plaques sandwich en matériau composites. 

Mots clés : matériaux composites, plaque sandwich, flexion, théorie des plaques d’ordre 

élevé raffinée, cisaillement transverse. 
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𝑤𝑠   Deflection component due to shear 

𝑁𝑥, 𝑁𝑦, 𝑁𝑥𝑦  Membrane normal forces 

𝑀𝑏   Pure bending moment 

𝑀𝑠   Additional bending moment due to transverse shear 
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𝑘𝑥
𝑏   Bending curvature along x 

𝑘𝑥
𝑠    Shear curvature along x 

𝑘𝑦
𝑏   Bending curvature along y 

𝑘𝑦
𝑠    Shear curvature along y 

𝑘𝑥𝑦
𝑏    Bending curvature along xy 

𝑘𝑥𝑦
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m, n   Number of modes 

𝐴𝑖𝑗   Membrane stiffness terms of the plate 

𝐵𝑖𝑗   Plate's coupling stiffness terms 

𝐷𝑖𝑗   Plate’s bending stiffness terms 

𝐴𝑖𝑗
𝑠    Plate’s shear stiffness terms 

𝐵𝑖𝑗
𝑠    Plate’s shear stiffness terms 

𝐷𝑖𝑗
𝑠    Plate’s shear stiffness terms 

𝐻𝑖𝑗
𝑠    Plate's shear stiffness terms 

𝑄𝑖𝑗   Stiffness coefficients 

𝑄𝑦𝑧
𝑠 , 𝑄𝑥𝑧

𝑠    Pure shear force 

𝑄̅𝑖𝑗   Stiffness coefficients as a function of fibre orientation 

[𝐶]   Symmetric matrix of eigenvalues 

𝑆𝑖𝑗   Eigenvalues 

{∆}   The displacements vector 

V   The energy due to external charges 

q   The applied transverse load 

ASTM   American society for testing materials 
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General Introduction 

The choice of materials in civil engineering depends on the specific requirements of the 

project, such as mechanical strength, durability, cost, and environmental conditions. 

Technological advancements continue to expand the possibilities for material use, improving 

their performance and introducing more sustainable, lightweight, and resistant materials. 

Study of the Mechanical Behaviour of composite sandwich plate aims to explore and 

understand the mechanical properties of sandwich composite structures, which are widely used 

in various engineering fields due to their unique combination of lightness and strength. These 

structures are composed of two rigid outer skins and a lighter, often thicker, internal core. The 

core can be made of honeycomb material, foam, or any other lightweight structure, while the 

skins can be made of composite materials such as glass fibre, carbon fibre, or lightweight 

metals. The primary objective of this study is to analyse the mechanical performance of these 

plates under bending conditions, and influence assessments. Analytical modelling will be 

employed to evaluate the stiffness, strength, stress and strains of the composite sandwich plate. 

This analysis is crucial for optimizing the design of these materials in specific applications, 

such as aerospace, automotive, and marine structures, where the strength-to-weight ratio is 

essential. 

The first chapter includes general information about composite materials. Composite 

materials are made of two or more distinct components that, together, offer enhanced properties 

compared to each component taken individually. Generally, they consist of a matrix and a 

reinforcement: the matrix serves as a binder, holding the reinforcement in place, while the 

reinforcement gives the composite its exceptional mechanical properties, such as strength and 

stiffness. Composite materials are used in many sectors, from aerospace and automotive to 

construction and sports equipment. Their main advantage is combining lightness and 

robustness, making them ideal for applications where weight and performance are critical. 

Additionally, composites can be designed to withstand extreme environmental conditions, offer 

corrosion resistance, and adapt to complex shapes and structures. With ongoing advancements 

in materials science, composites are becoming increasingly high performing and versatile, 

paving the way for major innovations across various industries. 

In the second chapter we talked about sandwich materials which are innovative and 

versatile structures composed of multiple layers of distinct materials, typically arranged to form 

a combination of rigid and lightweight layers. This clever configuration imparts a range of 

remarkable properties to sandwich materials. The rigid layers often made of metals, composites, 
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or fibre reinforced plastics, provide high structural strength, while the lightweight layers, 

frequently consisting of low-density materials such as foams or honeycomb plates, help reduce 

the overall weight of the structure. This unique combination of materials gives sandwich 

materials high stiffness, high resistance to mechanical stresses, as well as excellent thermal and 

acoustic insulation. These characteristics make them highly attractive in a variety of industries, 

including aerospace, automotive, and construction, where lightness, strength, and performance 

are key requirements. By reducing weight without compromising strength, sandwich materials 

enable designers to create more efficient, cost-effective, and environmentally friendly 

structures. 

The third chapter represents an overview about plate theories, they are fundamental to 

engineering and materials science, providing the necessary methods to analyse plate behaviour, 

design plate structures, and ensure their performance and safety. They are mainly based on 

differential equations to analyse deformations and stresses in plates under various loads. Among 

these theories: Classical laminated theory; first order shear deformation plate theory; high order 

shear deformation plate theory and zig-zag theory. 

The fourth chapter includes an analytical study of bending of composite sandwich plates 

employing a new refined higher-order shear deformation theory including four variables. Based 

on this present refined high order theory and by means of the virtual work’s principle we 

obtained the displacement field, the deformations and constitutive equations. In order to obtain 

dimensionless deflection, normal, and stresses, we used the Navier’s solution. 

In order to validate the present high order theory with four variables cited in the fourth 

chapter, a comparative study was conducted, where we compared the results issued from the 

present theory with other high order theories. In addition, a parametric study is led to determine 

what affects the composite sandwich plates behaviour. 

This work is crowned with a general conclusion that encapsulates our efforts. This final 

section summarizes our findings, highlights the key results and contributions, and outlines the 

comparative and parametric studies, and we draw some perspectives for future work. 
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I.1. Introduction 

A composite material defined as a combination of two or more materials that results in 

better properties than those of the individual components used alone. Unlike metallic alloys, 

composite materials maintain distinct chemical, physical, and mechanical properties for each 

constituent the reinforcement and the matrix. Composite materials offer significant advantages 

such as high strength and stiffness coupled with low density compared to bulk materials, 

resulting in weight reduction in the final product. The reinforcement phase contributes to 

strength and stiffness, typically consisting of fibres or particles that are harder, stronger, and 

stiffer than the matrix. Particulate composites, with dimensions approximately equal in all 

directions, can vary in shapes like spherical or platelets, exhibiting lower strength and stiffness 

than continuous fibre composites but are more cost-effective. Due to processing challenges and 

brittleness, particulate reinforced composites often contain less reinforcement (up to 40 to 50 

volume percent). Fibres, characterized by their length-to-diameter (l/d) ratio or aspect ratio, can 

be continuous or discontinuous, with continuous fibres having long aspect ratios and preferred 

orientations, while discontinuous fibres exhibit random orientations [1]. 

I.2. Conventional materials and their limitations 

It is difficult to create a material property table to evaluate the relative advantages and 

disadvantages of metals, plastics, and ceramics because each of these terms encompasses an 

entire family of materials, where the range of properties is often as wide as the differences 

between these three categories. However, an overall comparison can reveal some of the more 

obvious advantages and disadvantages of different types of materials. On a simplified level: 

• Plastics: these materials exhibit low density and offer decent short-term chemical 

resistance. However, they suffer from limited thermal stability and only moderate resistance to 

environmental degradation, particularly from sunlight's photochemical effects. Although they 

have weak mechanical properties, they are simple to fabricate and to assemble. 

• Ceramics: some materials might have low density, although certain ones are notably 

dense. They exhibit excellent thermal stability and withstand various types of damage, 

including abrasion, wear, and corrosion. Despite being inherently rigid and strong due to their 

chemical bonds, they are uniformly brittle and challenging to shape or manipulate. 

• Metals: mostly ranging from medium to high density, only magnesium, aluminium, and 

beryllium can rival plastics in this aspect. Numerous metals exhibit excellent thermal stability 
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and can be made corrosion-resistant through alloying. They possess favourable mechanical 

properties and high toughness, and are relatively easy to shape and join. It is mainly due to their 

ductility and resistance to cracking that metals, collectively, have become and continue to be 

the preferred materials for engineering purposes. 

Even with just a cursory comparison, it is evident that each class possesses specific 

inherent strengths and limitations. However, metals present fewer challenges for designers 

compared to plastics or ceramics [2]. 

I.3. Definition of composites 

A composite material is made of the assembly of two materials of different nature; a 

composite material is made up of different phases called reinforcements and matrix.  When the 

composite material is undamaged, the reinforcements and the matrix are perfectly linked and 

there can be no slipping or separation between the different phases.  The reinforcements come 

in the form of continuous or discontinuous fibres.  The role of the reinforcement is to ensure 

the function of mechanical resistance to forces.  The matrix ensures cohesion between the 

reinforcements so as to distribute mechanical stresses [3]. 

They have many functional advantages: 

 Lightweight; 

 Reduced maintenance;  

 Freedom of form and good electrical insulation. 

 

Figure I.1. Schematization of composite material. 
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I.4. Classification of composite materials 

It is possible to customize composites by manipulating factors such as the reinforcing 

phase's quantity, shape, size, and distribution, alongside the interface between the matrix and 

reinforcing phases. 

 

Figure I.2. Classification of composite material [4]. 

I.5. Components of composite materials 

I.5.1. Matrix 

The matrix binds the reinforcement fibres, distributes the forces (compression or flexural 

strength), and provides chemical protection. By definition, it is a polymer or organic resin [3].  

In many cases, the matrix constituting the composite material is a polymer resin. 

I.5.1.1. Metal matrix composite (MMC) 

Metal matrix composites consist of reinforced fibres embedded in a metal matrix. The 

fibres can be ceramic, carbon, or other materials. Common metallic constituents include 

aluminium, nickel, titanium, and magnesium. These composites offer high strength, low 

density, and suitability for high-temperature applications, along with excellent electrical and 
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thermal conductivity, and robust transverse mechanical properties, distinguishing them from 

organic matrix composites. 

 

Figure I.3. Categories of Metal Matrix composites based on the reinforcement forms [5]. 

Serval of the methods outlined in details are: 

 Unidirectional solidification of eutectic or other alloys; 

 Liquid metal infiltration (usually under vacuum) of pre-packaged fibre bundles or 

other preforms; 

 Liquid phase penetration during hot pressing of powder compacts containing 

whiskers or fibres bundle; 

 Hot pressing of compacts consisting of matrix alloy sheets wrapped or nested in 

arrays Number of reinforcing wires; 

 Hot pressing or drawing of wire pre-coated with base alloy (e.g. by electroplating, 

Plasma spraying or chemical vapour deposition (CVI) Co-extrusion of 

prefabricated composite blanks). 

I.5.1.2. Ceramic matrix composite (CMC) 

Ceramics refer to all materials that are non-metallic and non-organic. Ceramic matrix 

composites (CMC) have a ceramic matrix such as alumina Calcium aluminosilicate reinforced 

with fibres such as carbon or silicon carbide [6]. 
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I.5.1.2.1. Properties of the ceramic matrix composite 

Ceramic Matrix Composites (CMC) technology was created to handle tough situations 

because of its amazing properties: 

 Thermal resistance: Although technical ceramics are recognized for their thermal 

insulating properties, CMC incorporates dimensional components (specifically fibres, 

matrix, and pores) to improve resistance against thermal shocks. 

 Lightweight: When contrasted with previous composite technologies employed in harsh 

conditions, a CMC component boasts significantly by its reduced weight. For instance, 

it weighs only one third as much as nickel super alloys for a comparable part. 

 Fracture toughness: CMC material exhibits greater toughness compared to traditional 

technical ceramics due to the reinforcement of fibres that help in spanning and 

mitigating crack formation. 

 Electrical insulation: Oxide ceramic matrix composites (CMCs) exhibit dielectric 

transparency, distinguishing them from other varieties of CMCs. 

 Chemical stability: The High Purity Alumina matrix exhibits superb resistance to 

corrosion from a wide range of chemicals [7]. 

I.5.1.3. Polymer matrix composite (PMC) 

The diverse array of processes employed in the production of reinforced plastics includes 

both innovative techniques and adaptations of established methods used for processing 

conventional polymeric materials. The method of integrating fibres and matrix into a composite 

material largely depends on the specific combination being utilized and the size and shape of 

the structure being manufactured [8]. 

I.5.1.4. Organic matrix composite (OMC) 

Currently, organic matrix composites (OMCs) represent over 99% of composite 

materials; however, there are also inorganic matrix composites, mainly metallic or ceramic, 

with modest diffusion but meeting extreme technical requirements. Organic matrix composites 

is characterized by three types of resins (thermoplastic, thermosetting and thermostable resin) 

[9]. 
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I.5.1.4.1. Thermoplastic resins 

Those are polymers that can be alternatively softened by heating and hardened by cooling 

within a specific temperature range of the studied polymer. Thermoplastic resins have the 

ability, in their softened state, to be easily moulded through plasticity [10]. 

Within the category of thermoplastic resins, notable examples include polyvinyl chloride 

(PVC), polyethylene, polypropylene, polystyrene, polyamide, polycarbonate, and others. The 

cost-effectiveness of thermoplastics stems from accessible raw materials and manufacturing 

techniques such as injection moulding and extrusion. Nevertheless, this affordability often 

correlates with compromised mechanical and thermomechanical properties. Subsequently, the 

subsequent section outlines specific characteristics of polypropylene and polyamide. 

I.5.1.4.2. Thermosetting resins 

Thermosetting materials have a three-dimensional structure. Polymerization induces 

bridging of macromolecules, and this structure solidifies permanently when heated into the 

desired shape. In the material obtained after processing, the bonds between macromolecules are 

strong chemical bonds; this transformation is irreversible [11]. 

The main thermosetting resins used in the manufacture of composite materials are, in 

descending order of tonnage: 

There are three types of Thermosetting Resins as shown in the figure (I.4):  

 

Figure I.4. Three types of thermosetting resins. 
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I.5.1.4.3. Thermostable resins 

Thermostable resins distinguish themselves from previously considered resins mainly 

because of their thermal performance, which enables them to retain their mechanical properties 

at temperatures exceeding 200°C. In practical applications, we encounter two primary 

categories of resins: thermoplastic and thermosetting. The development of thermostable resins 

is primarily concentrated in the aerospace sector, where research laboratories strive to innovate 

new resin formulations. Within the realm of thermostable resins, bismaleimide and polyimide 

resins emerge as the most prevalent choices. 

 Bismaleimide resins are formulated with a network structure at temperatures ranging 

from 180 to 200°C. The moulding processes are identical to those used for thermosetting 

matrix composites such as polyester or epoxy. 

 Polyimide resins emerged on the market around 1970. Known for their ability to 

withstand high temperatures, these resins are accompanied by a hefty price tag. They 

facilitate the creation of composites boasting superior strength, capable of withstanding 

temperatures up to 250°C, surpassing the resilience of aluminium [12]. 

The table below compared and highlighting the primary disparities between thermoset 

and thermoplastic resins would include key characteristics. This fundamental difference 

dictates their respective applications: 

Table I.1. The main differences between thermosets and thermoplastics [13] 

Matrix Thermosets Thermoplastics 

Basic state Viscous liquid to polymerize Solid 

Storage Reduced Unlimited 

Wettability of 

reinforcements 
Comfortable Difficult 

Moulding Continuous heating Heating + Cooling 

Cycle Long (polymerization) Short 

Shock resistant Limited Fairly good 

Thermal resistance Good Reduced (except new TP) 

Falls and waste Lost or used as expenses Recyclable 

Working conditions Solvent emissions Cleanliness 
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I.5.2. Fibres and reinforcements 

Reinforcements ensure the mechanical performance of the composite material. A wide 

variety of fibres are available on the market depending on the desired properties and cost 

considerations for the structure being produced. They are characterized by the nature of the 

fibres they comprise and their commercial presentation [14]. 

Choosing the right fibre type, fibre volume fraction, fibre length, and fibre orientation is 

crucial as it impacts several characteristics of a composite laminate: 

 Density; 

 Tensile strength and modulus; 

 Compressive strength and modulus; 

 Fatigue strength and mechanisms of fatigue failure; 

 Electrical and thermal conductivity; 

 Cost [9]. 

 

Figure I.5. Different types of reinforcement [14]. 
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I.5.2.1. Carbon fibres 

Carbon fibre is a form of graphite in which the sheets, made up of carbon atoms bonded 

in hexagonal cycles, are long and thin. They can be envisioned as ribbons of graphite. Bundles 

of these ribbons come together to form fibres, hence the name 'carbon fibres.' A carbon fibre is 

prepared from organic polymer fibres. These polymers elongate and form parallel threads, thus 

becoming the axes of the fibres [15]. 

 

Figure I.6. Carbon fibres (thread, tubes and sheet). 

We distinguish two types of carbon fibres: 

 High strength fibre (HS): For a combustion between 1000 to 1500°C; 

 High modulus fibre (HM): For a combustion temperature of 1800 to 2000°C. 

Table I.2. Some properties of Carbon Fibres [14]. 

Property Property values 

Density 1.76 

Tensile modulus 230 GPa 

Tensile strength 3290 MPa 

Elongation % 1.4 

I.5.2.2. Glass fibres 

Glass fibre has an excellent performance-to-price ratio, making it the foremost 

reinforcement used in composite structure construction today. It serves as the primary 

reinforcement for widely used composites. Fiberglass is derived from sand (silica) and additives 

(alumina, calcium carbonate, magnesia, boron oxide). Five types of fibres are distinguished: 
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 Glass E: for widely-used composites and common applications; 

 Glass R or S: for high-performance composites; 

 Glass D: for printed circuit board manufacturing (high dielectric properties); 

 Glass C: for the manufacturing of printed circuits (dielectric properties); 

 Glass A: high alkali content. 

Table I.3. Some properties of glass fibres [14]. 

Property Property values 

Density 2.54 

Tensile modulus 72 GPa 

Tensile strength 2800 MPa 

Elongation % 2 

 

Figure I.7. Glass fibre (thread, tubes and sheet) 

I.5.2.3. Aramid fibres (Kevlar) 

These fibres are marketed under the name Kevlar. They are composed of aromatic 

polyamides. Organic polymers that exhibit good qualities of strength and rigidity are 

transformed into filaments. This is an oriented polymer with high tensile strength and a high 

modulus of elasticity. Its low density (1.46) allows for weight savings compared to other 

reinforcements. Note that Kevlar 49 is primarily used for applications in composite materials. 

It is possible to find two types of aramid fibres with different stiffness: 

 Low modulus fibres: used for cables and bulletproof vests; 

 High modulus fibres: used in reinforcement for high-performance composites [16]. 
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Figure I.8. Aramid fibre (Kevlar) 

I.5.2.4. Extended chain polyethylene fibres 

Spectra, a brand of extended chain polyethylene fibres, is manufactured through the gel 

spinning process using high-molecular-weight polyethylene. This method results in a highly 

oriented fibrous structure with remarkably high crystallinity (95%-99%) compared to 

conventional polyethylene fibres produced through melt spinning. 

Spectra polyethylene fibres currently hold the highest strength-to-weight ratio among all 

commercially available fibres. Additionally, they possess two notable characteristics: low 

moisture absorption (1%, in contrast to 5%-6% for Kevlar 49) and high abrasion resistance. 

These qualities render Spectra fibres highly valuable in marine composite applications, such as 

boat hulls and water skis [8]. 

I.5.2.5. Natural fibres 

Natural fibres like cotton, wool, and silk typically have tenacities between 0.1-0.4 N/tex 

and initial moduli ranging from 2-5 N/tex. However, fibres like flax, hemp, jute, and ramie can 

exhibit higher strength and stiffness. Except for silk, which was employed in demanding 

applications like protective and parachute fabrics, these fibres are mostly short, limiting their 

ability to efficiently convert strength into yarns and fabrics [17]. 

When considering the suitability of natural fibres like jute in civil engineering 

applications, it is important to weigh both their advantages and disadvantages: 

I.5.2.5.1. Advantages of natural fibres 

 Jute fibres offer a higher specific strength and stiffness compared to glass fibres, 

especially in parts designed for bending stiffness; 

 On a modulus-per-cost basis, jute can be superior to glass fibres; 
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 The specific strength per unit cost of jute approaches that of glass fibres; 

 Jute fibres have a lower specific gravity and higher specific modulus compared to glass 

fibres, making them potentially beneficial for reinforcement in composite materials; 

 Jute is renewable and requires significantly less energy for production compared to 

glass fibres, making it an attractive option for civil engineering applications. 

I.5.2.5.2. Disadvantages of natural fibres 

 The tensile strength and modulus of jute fibres are lower than those of glass fibres; 

 The usefulness of natural fibres, including jute, in civil engineering applications is 

limited by their moderate mechanical properties [17]. 

 

Figure I.9. Natural fibres. 

I.5.2.6. Ceramic fibres 

Various fibres of refractory or ceramic materials (carbides, borides, nitrides, etc.) can be 

produced by chemical vapour deposition on a supporting wire. Currently, the fibres obtained 

by this method, and subject to production, are: 

 Boron fibres (B); 

 Boron (B), boron carbide (B4C) fibres ; 

 Silicon carbide (SiC) fibres; 

 Boron-silicon carbide fibres, called BorSiC. 

Due to the high cost of Ceramic fibres, the use of these fibres is restricted. Currently, SiC 

and BorSiC fibres are primarily employed with metallic matrices (such as aluminium) or 

ceramic matrices, resulting in composites with very high costs, used for compressor blades, 

turbines, etc [12]. 
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Figure I.10. Ceramic Fibres.  

I.5.2.7. Alumina and alumina/silica compounds 

Early research on Al2O3 as a composite material reinforcement focused on using small 

filamentary crystals, about 50μm long and microns in diameter, grown from vapour phase, 

exhibiting high strength and stiffness. These 'whiskers', while promising, were costly and 

difficult to handle during processing. DuPont later developed an enhanced alumina fibre, FP 

fibre, made as a polycrystalline yarn via a sol-gel process. With comparable modulus and 

strength to boron and carbon, FP fibre, like SiC, was suitable for reinforcing metals such as 

aluminium and magnesium due to its chemical inertness, high-temperature stability, and good 

bonding capability with matrix alloys. However, FP fibre has not proven economically feasible 

for mass production, leading to a preference for alternative alumina forms like Sumitomo's 

Altex fibre [2]. 

 

Figure I.11. Activated alumina.  

I.5.2.8. Styles of reinforcement 

Many reinforcing fibres are marketed as wide sheets of prepreg, consisting of single 

layers of fibre tows impregnated with matrix resin and flattened between carrier sheets. These 

are stacked, orientations arranged according to design requirements, and hot pressed to 
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consolidate the laminate. The process accommodates curved surfaces, though local wrinkling 

may occur with doubly curved shapes. One solution is using woven cloth, which can be draped 

over complex formers. Fibres like glass, carbon, and SiC can be woven into various cloths and 

braids, with weaving processes allowing effective placement in desired directions. Mixed-fibre 

cloths can also be produced through weaving processes for hybrid composites. 

Many of the continuous fibres we have discussed are costly as raw materials. However, 

the overall cost of a composite product may still be lower than that of a competing product 

made from cheaper materials and more expensive processes, making composite design an 

appealing alternative. While large quantities of glass fibres are available in chopped form for 

compounding with various matrix polymers, chopping more expensive reinforcement types 

may not initially seem economical. Nevertheless, there are advantages to using these fibres in 

chopped form if they can be strategically arranged within the composite to effectively utilize 

their high strength and stiffness. 

I.5.3. Fillers and Additives 

The fillers and additives are integrated into a composite material to achieve the following 

objectives: 

 Alter the colour; 

 Significantly modify mechanical or thermal properties; 

 Reduce costs; 

 Provide fire resistance; 

 Decrease shrinkage; 

 Ease demoulding; 

 Enhance aging resistance; 

 Modify material density [18]. 

I.5.3.1. Fillers 

Fillers are derived from mineral, plant, synthetic, or organic sources, exist in either 

powdery or fibrous forms, chemically pure and inert when in contact with resins. When 

combined with a resin, they introduce fresh properties and alter the final product's attributes 

[14]. 
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I.5.3.1.1. Reinforcing fillers 

The purpose of incorporating reinforcing fillers is to enhance the mechanical properties 

of the resin. These fillers can be classified according to their geometric shape into: 

a) Spherical fillers 

The primary advantage of these fillers lies in their spherical shape, which prevents stress 

concentrations and consequently reduces the susceptibility to matrix cracking compared to non-

spherical fillers. Spherical particles are typically found in the form of spheres, commonly 

referred to as microbeads or microspheres. 

b) Non-spherical fillers 

Among non-spherical reinforcing fillers, mica is the most commonly used material. 

I.5.3.1.2 Non-reinforcing fillers 

Non-reinforcing fillers serve either to reduce the cost of resins while maintaining resin 

performance or to enhance certain resin properties. 

a) Low-cost filler 

These fillers are extracted from rocks or ores, hence their low cost. The main fillers are: 

 Carbonates: chalk or calcite (CaCO3). These are the most commonly used fillers; 

 Silicates: talc, kaolin, feldspar, wollastonite; 

 Silicas, obtained by grinding and sieving quartz sand. 

b) Fire-retardant fillers 

These loads added to resins, serve to reduce or prevent combustion phenomena. 

c) Conductive and antistatic additives 

Organic resins are thermal and electrical insulators. For certain applications, it is therefore 

necessary to add a conductive element [12]. 
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I.5.3.2 Additives 

The additives are found in small quantities (a few % or less) and act as: 

 lubricants and release agents; 

 pigments and dyes; 

 anti-shrinkage agents; 

 UV stabilizers. 

I.5.3.2.1 Lubricants and release agents 

These additives are intended to facilitate the shaping of the resin and reduce the tendency 

of the resin to adhere to moulds, mandrels, etc. 

I.5.3.2.2 Pigments and dyes 

Pigments are insoluble products that come in the form of powders or flakes. They are 

obtained from oxides or metallic salts. From these pigments, it is possible to obtain colouring 

pastes made up of pigment dispersions in a paste (resin, plasticizer), for easy use. Dyes are 

organic compounds soluble in a suitable solvent. Their use is limited due to poor chemical and 

thermal resistance. 

I.5.3.2.3 Anti-shrinkage and creep agents 

The polymerization of resins leads to a reduction in the interatomic distances of the initial 

monomer. This results in shrinkage of the polymerized resin, which can lead to poor surface 

finish, warping or micro cracking of moulded parts. 

I.5.3.2.4 Anti-ultraviolet agents 

UV agents function to protect resins from the effects of ultraviolet rays in sunlight. The 

principle of these agents is to absorb ultraviolet radiation, thus preventing premature 

deterioration of the resin by breaking atomic bonds or transitioning to an excited state that 

promotes oxidation (photo-oxidation phenomenon) [12]. 
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I.5.4. Fibre-Matrix interface 

The interface of fibre-reinforced composite materials is a surface formed by a common 

boundary between the fibre and the matrix to ensure continuity of load transfer. The fibre-

matrix interface plays a crucial role in the overall behaviour of composite materials. It must 

transfer stress from the matrix to the fibres to enable a consistent overall behaviour of the 

composite. Several important phenomena can occur at the fibre-matrix interface. These 

phenomena promote plastic deformation of the matrix and influence the initiation and mode of 

rupture. If adhesion at the interface between the matrix and the filler or fibre is non-existent, 

the material properties will be very similar to those of the matrix with internal voids, as the 

fibres contribute only to a small extent to the overall strength. Therefore, high adhesion is 

necessary for the consolidation of the structure. However, the characteristics of the interface 

depend on the quality of the fibre/matrix bond, which involves the concept of adhesion [16]. 

I.6. Classification of Composite Materials 

Composites materials can be classified according to their nature and shape: 

I.6.1. Classification according to component shape 

Based on the shape of their constituents, composites are classified into two major 

categories: particulate composites and fibre composites. 

I.6.1.1. Fibre composites 

A composite material is considered a fibre composite when the reinforcement is in the 

form of fibres. The fibres used can be either continuous fibres or discontinuous fibres, such as 

chopped fibres, short fibres, etc. 

I.6.1.1. Particle composites 

A composite material is a particle composite when the reinforcement is in the form of 

particles. A particle, as opposed to fibres, does not have a preferred dimension. 
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Figure I.12. Types of composites materials. 

I.6.2. Classification according to the nature of the components 

According to the nature of the matrix, composite materials are classified into organic 

matrix composites, metal matrix composites, or mineral matrix composites. Various 

reinforcements are associated with these matrices. Only certain combinations are currently used 

in industry, with others undergoing development in research laboratories. Among these 

composites, we can mention: 

 Organic matrix composites (Resins, Loads): Used in the field where temperatures do 

not exceed 200 to 300 °C.   

 Metal matrix composites (light and ultra-light alloys of aluminium, magnesium, 

titanium): Field of temperatures do not exceed 600 °C.  

 Mineral matrix composites (ceramic): Field of temperatures do not exceed 1000 °C 

[12].  

I.7. Manufacturing processes for composite structures 

Most implementation methods involve developing parts using composite materials in 

successive layers comprising matrix and reinforcement. This general technique, called 

lamination, which leads to the development of laminates, will then lead us to focus on the 

architecture of composite materials [10]. 

There are serval methods for manufacturing composite materials, among which are: 

 

 

 



Chapter I: Composite materials 

21 
 

I.7.1. Contact Moulding 

Contact moulding, the most straightforward technique for creating composite structures, 

demands minimal equipment and investment, which has been pivotal to the widespread 

adoption of glass fibre composites in various industries and artisanal endeavours. It is versatile, 

capable of producing both modest and sizable structures like boat hulls, vehicle bodies, building 

panels, and tanks, especially suited for small production batches. While the fibre content can 

vary, it typically remains low, usually comprising 30% to 35% of the total weight of 

reinforcements.  

Resulting in a single smooth surface, its finishing quality relies heavily on the mould’s 

surface, and the skill of moulder significantly influences the quality of the final laminate. 

I.7.1.1. Hand Layup 

Prior to moulding, the surface of the mould needs to undergo coating and meticulous 

polishing to achieve a sleek, glossy appearance. Subsequently, a mould release agent is typically 

sprayed onto the surface. Once the release agent has dried entirely, a gelcoat is applied either 

through spraying or through brushing. In certain instances, a surfacing tissue may be employed 

to strengthen the gelcoat. 

The moulding process follows these steps: 

1. Coating the mould with catalysed and accelerated resin using a paintbrush or roller. 

2. Arranging reinforcement materials like mat, cloth, etc., within the mould, ensuring tight 

joints and compaction. 

3. Impregnating the reinforcement with the matrix, followed by rolling to expel trapped 

air. 

4. Building up layers sequentially, maintaining a wet-on-wet technique until the desired 

laminate thickness is achieved. Occasionally, allowing each layer to gel before adding 

the next can be beneficial. Inserts such as tubes, bolts, nuts, frameworks, etc., can be 

incorporated between layers. 

5. Removing the moulded object from the mould after an appropriate curing time, typically 

around 10 hours, contingent on resin type and temperature, allowing for proper 

maturation. 
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6. Subsequently, post-curing is conducted in the ambient atmosphere, spanning several 

weeks. Accelerated post-curing can be achieved through heating, typically around 5 to 

10 hours at approximately 80 degrees Celsius. 

7. Following post-cure, the final additions are applied to the moulded product. 

 

Figure I.13. Principle of hand layup moulding. 

I.7.1.2. Spray Layup 

In this method, the mould surface and the gelcoat undergo the same preparation as in hand 

layup. Following that, the laminate is constructed by spraying chopped fibres and polyester 

resin onto the mould simultaneously. Continuous roving is chopped into suitable lengths by an 

air chopper attached to a spray gun, and then these chopped fibres are sprayed onto the mould 

surface along with the resin. Each layer is then carefully compacted by rolling to ensure the 

absence of trapped air bubbles. 

The curing, demoulding, and post-curing processes mirror those of hand layup. 

Spray moulding enables short production cycles at a low cost, albeit with limited 

reinforcement to chopped fibres and consequently lower mechanical properties of the laminate. 

By separately coating a mould and a die, and then joining them together, it is possible to achieve 

two smooth surfaces. Additionally, this process allows for the insertion of a layer between them, 

resulting in laminates with improved mechanical properties. 
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Figure I.14. Principle of spray layup moulding. 

I.7.2. Vacuum Moulding 

Vacuum moulding involves utilizing both vacuum and atmospheric pressure 

simultaneously. Initially, the mould is treated with a release agent, and the wet layup is applied 

either manually or via a spray process. Subsequently, pressure is applied using a porous die 

covered with a flexible membrane, typically crafted from neoprene, alongside a vacuum pump 

that removes air from the membrane. Often, heat is applied to accelerate the curing process. In 

cases where only a single smooth surface is required, the die can be omitted, and the flexible 

membrane, a method referred to as vacuum moulding, solely exerts pressure. 

The vacuum moulding technique is well suited for small-scale production batches and for 

designing intricate structures. It yields favourable mechanical properties due to the consistent 

dispersion of resin and reinforcements. Employing a rigid die results in achieving a fine surface 

finish on both sides. Nonetheless, the production rate remains relatively slow. 

 

Figure I.15. Vacuum moulding. 
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I.7.3. Compression Moulding 

I.7.3.1. Resin injection Moulding 

Resin injection, also known as resin transfer moulding (RTM), involves injecting resin 

under pressure to saturate a reinforcement within a tightly sealed mould and die assembly. 

Automating the resin injection process minimizes handling and styrene emissions. With the 

potential for a significant proportion of reinforcement, composite structures with excellent 

mechanical properties can be achieved. 

This moulding technique is ideal for manufacturing structures with intricate shapes and 

significant depth. 

 

Figure I.16. Resin injection moulding. 

I.7.3.2. Cold Press Moulding 

The moulding process occurs under low pressure (typically below 0.5 MPa) without the 

need to heat the mould, leveraging the resin's exothermic polymerization. The heat generated 

during polymerization maintains the mould temperature between 50-70°C consistently during 

continuous operation. 

The mould and die receive a coating of release agent and gelcoat, followed by the 

placement of reinforcement and matrix onto the mould. Subsequently, the mould-die assembly 

is sealed and subjected to pressure. Polymerization duration varies depending on the resin type, 

catalyst, and the mould’s continuous operating temperature. 

This moulding process is suitable for producing structures in medium quantities, typically 

ranging from 4 to 12 items per hour. Compared to hot compression processes, it requires less 

investment, utilizing inexpensive tools and only requiring a lightweight hydraulic press. The 
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resulting moulded structures exhibit good surface quality on all faces. However, productivity is 

lower compared to hot press moulding. 

I.7.3.3. Hot Press Moulding 

This moulding technique offers a cost-effective solution for producing small to medium-

sized structures in large quantities. It involves using hydraulic presses and heated metal moulds 

to achieve the desired moulding. 

The reinforcement, whether it is chopped or continuous strand mat, woven roving, 

preforms, etc., is arranged within the heated mould after being coated with a release agent. 

Next, catalysed resin is poured in bulk onto the reinforcement. The mould is then closed and 

opened with precise speed control, timed to allow for resin polymerization, which varies based 

on the resin's reactivity and the thickness of the composite structure. 

The hot press moulding process enables us to incorporate a substantial amount of 

reinforcing material, resulting in moulded structures with excellent mechanical properties. 

Moulding pressures range from 0.5 to 15 MPa, depending on the size of the structure. Mould 

temperatures typically range from 80°C to 170°C, specifically around 100°C to 130°C for 

polyester resins. Production rates can reach 15 to 30 items per hour, but it necessitates a 

substantial investment in equipment, including plant, presses, and moulds. 

 

Figure I.17. Principle of compression moulding (a) cold; (b) hot. 

I.7.3.4. Injection Moulding 

The most extensively used method for processing filled thermoplastic materials is 

injection moulding, alongside other methods like extrusion, blast extrusion, and 

thermoforming. Conventional presses used for injecting thermoplastics are utilized for injection 

moulding, which can also be adapted to process thermosetting resin systems. 
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Moulding compounds, which consist of the resin system and reinforcement materials such 

as microspheres and chopped strands, or pre-impregnated mats, undergo processing using this 

method. An Archimedes screw extrudes these materials, after which the matrix is heated to 

fluidize it and then injected at high pressure into a heated mould, initiating polymerization. 

The material primarily referred to as "reinforced plastics" is more common than 

composite material. Due to the nature of reinforcements like short fibres and microspheres, the 

strength and Young's modulus of the resins increase by a factor of approximately two to four. 

However, due to the high cost of moulds, this technique is typically suitable for large-scale 

production of small to medium-sized components. 

 

Figure I.18. Injection moulding. 

I.7.4. Continuous moulding 

Continuous moulding produces flat plates, sandwich panels, corrugated sheets for 

roofing, ribbed plates, and more. 

In schematic terms, this process involves several stages: 

1. The reinforcement stage, where fibres, mats, or cloths are impregnated with catalysed 

resin and placed onto a release film (such as cellophane, Mylar, polyethylene, etc.). 

2. The consolidation and shaping stage of the laminate. 

3. Polymerization, conducted in an oven (at temperatures ranging from 60 to 150°C) 

within a tunnel whose length (ranging from 15 to 50 meters) varies based on 

temperature and resin type. 

4. The stage of cooling and cutting. 

When fabricating flat plates, the consolidation and shaping stage involves simply 

adjusting the plate's thickness by pressing it between calendaring rollers. 
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For corrugated sheets, shaping happens during polymerization with the use of transverse 

moving rollers. A fully automated continuous moulding process allows for continuous 

production of plates or panels. However, implementing this process demands a significant 

investment in plant infrastructure. 

 

Figure I.19. Continuous moulding of plates. 

 

Figure I.20. Continuous moulding of corrugated sheets. 

I.7.5. Pultrusion moulding 

Pultrusion moulding is a method employed to manufacture profiles, whether straight or 

curved, featuring a consistent cross-section and reinforced in the primary direction. 

In this technique, the reinforcements (roving, yarns, woven roving, ribbons, etc.) move 

through a bath of catalysed resin, saturating them. After saturating, the reinforcement passes 

through a heated die, which removes excess resin, shapes the cross-section, and cures the resin 

system. 

This process applies to both thermoplastic and thermosetting resins. The resulting profiles 

boast high mechanical properties, considering the potential for high reinforcement levels, up to 
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80% by volume. It can achieve production rates of 60 m/h and demands significant plant 

investment. Examples of items produced include fishing rods, various profiles, and stiffeners. 

 

Figure I.21. Pultrusion moulding. 

I.7.6. Centrifugal moulding 

This technique moulds items of revolution, especially tubes, pipes, tanks, etc. It 

extrapolates from the method used to make pipes from cast iron or centrifuged concrete. 

The mould of revolution, coated with a release agent, rotates (at about 2,000 rpm). After 

a possible gel coating, there is a simultaneous and continuous introduction of: 

 The reinforcement: chopped strands or roving; 

 Catalysed and accelerated resin (epoxy resins, polyesters, etc.). 

The reinforcement impregnates the resin through centrifugal motion. A traveling feeder 

arm, equipped with a chopper and spray gun, applies the resin system and chopped fibres to the 

mould surface as it moves back and forth while the mould rotates. Polymerization occurs at 

room temperature or can be accelerated in an oven. 

Interrupting the rotation of the mould allows for the possible introduction of a 

reinforcement in the form of a roll (e.g., mat, cloth). Following this, the resin is introduced 

during rotation. Once polymerization is complete, the cylindrical pipe is extracted from the 

mould, facilitated by the shrinkage of resin systems, enabling its release. This technique results 

in a good surface finish on the outside, along with well-defined diameter and thickness of pipes. 

Achieving this fabrication process necessitates a large plant and precise mould balancing. 
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Figure I.22. Centrifugal moulding. 

I.7.7. Filament Winding 

I.7.7.1. Principle  

Continuous roving or yarn, ribbon, etc., impregnated with catalysed resin, winds under 

tension around a rotating mandrel in this moulding process.  

This process suits cylindrical and spherical surfaces well, enabling advanced design of 

moulded structures. The resulting laminates can contain high proportions of reinforcement (up 

to 80% by volume), thus yielding high mechanical properties. The investment in the plant 

required for this process is substantial.  

Depending on the relative motions of the mandrel and the feed head supplying the 

reinforcement, different types of windings (and consequently laminates) emerge, including 

circumferential winding, helical winding, and polar winding. 

I.7.7.2. Circumferential Winding 

Wind the material at 90° to the mandrel's axis to achieve high tangential strength. To 

ensure satisfactory longitudinal strength, incorporate layers of unidirectional cloth along the 

axial direction of the mandrel. This method of winding sees limited use. 
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Figure I.23. Principle of circumferential moulding. 

I.7.7.3. Helical Winding 

I.7.7.3.1. Discontinuous Winding 

The feed head's motion in relation to the mandrel's rotation determines the angle at which 

the reinforcement winding inclines towards the mandrel's axis. The angle's value is selected 

based on the mechanical requirements in the tangential and transverse directions. The feed head 

alternately moves along the mandrel's axis to evenly spread and laminate the impregnated 

reinforcement across its surface. This winding technique offers significant flexibility in 

positioning the reinforcement angularly, enabling the winding of successive layers at varying 

angles. 

Various applications utilize this winding process, including the production of tanks, pipes, 

rockets, and gas bottles. Additionally, it can be used for constructing large filament-wound 

storage tanks on-site. 

 

Figure I.24. Principle of helical winding. 
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I.7.7.3.2. Continuous Winding 

Continuous winding enables the industrial production of high-performance tubes and 

pipes of varying diameters and extensive lengths. 

 

Figure I.25. Continuous helical winding. 

I.7.7.4. Polar Winding 

Polar winding enables the creation of structures featuring spherical ends seamlessly 

during the winding process. It requires the mandrel to possess three rotational degrees of 

freedom, enabling simultaneous or independent control over three rotations. 

This technique finds applications in manufacturing high-pressure reservoirs, rocket motor 

fuel tanks, space equipment, and more. 

 

Figure I.26. Polar winding  
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I.7.7.5. Mandrels 

Once the resin system has cured, you must remove the mandrels for filament winding. 

These mandrels can be: 

 Made of metal, wood, etc., either as a mono-block or in several demountable elements; 

 Made of low melting point material; 

 Made of soluble material, such as wax or grains of sand agglomerated in a water-soluble 

medium; 

 Made of an inflatable elastomer. 

I.7.7.6. Applications 

The preceding subsections have outlined the applications of filament winding. Generally, 

manufacturers use this process to fabricate items with rotational symmetry, such as pipes, tubes, 

tanks, gas bottles, cylindrical casings, etc. It can also produce large structures like containers or 

silos. The dimensions of pieces depend on the type of machine used. Additionally, the interest 

in filament winding stems from its potential for computer-assisted automation. 

Furthermore, filament winding applies to pieces that lack rotational symmetry, such as 

helicopter and turbine blades, tanks with rectangular cross-sections, etc [19]. 

I.8. Composite structures 

 

Figure I.27. Composite structures. 
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The various manufacturing processes used for moulding show the preponderance of 

designing composite material structures: 

 Surface: plates, shells 

 Lamination of successive layers 

This concept underscores the significance of future emphasis on studying composite 

materials, whether in the form of single layered plates or multi-layered shells. Shells can be 

seen as a collection of plates, allowing their analysis to be derived from plate studies. The aim 

of this section is to outline the overall structure of composite materials. 

I.8.1. Single layers 

Single-layer composites are essential components within composite structures, serving as 

the foundation upon which configurations that are more complex are built.  

These composites come in various types, distinguished by the form of reinforcement they 

employ: 

 Long fibre-reinforced composites utilize elongated fibres to provide strength and 

stability; 

 Woven fibre composites incorporate interlaced fibres for enhanced durability and 

flexibility; 

 Short fibre composites utilize chopped fibres to reinforce the material matrix. 

Typically single layers offering a balance between strength and cost-effectiveness [20]. 

I.8.2. Laminates 

Laminates consist of layers, often referred to as plies, of reinforcements such as strands, 

roving, mats, cloths, etc., infused with resins. In this section, we explore the different kinds of 

laminates. 
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Figure I.28. Constitution of a laminate. 

Among the types of laminate, we distinguish: 

I.8.2.1. Laminates with Unidirectional Strands or Unidirectional Cloth 

A fundamental laminate consists of unidirectional strands or fabric, forming the basis 

from which all other laminates can theoretically be derived. These layers consist of fibres 

aligned in parallel within a matrix. By stacking multiple unidirectional layers in various 

orientations, a laminate can be tailored to meet specific mechanical requirements. The 

orientation of a laminate can be determined using an orientation code. 

 A numerical value representing the angle in degrees between the fibre direction of each 

layer and the x reference axis designates each layer. 

 Layers with differing angles are separated by "/." 

 Layers with identical orientations are identified by a numerical index. 

 

Figure I.29. Stacking sequence of a laminate. 
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I.8.2.1.1. Positive and Negative Angles 

When layers are aligned at angles of equal magnitude but opposite signs, the appropriate 

positive or negative sign is applied. The determination of positive or negative angles is 

contingent upon the chosen system of axes: the signs reverse when the z direction is reversed. 

Examples of laminates with their designations follow: 

 

Figure I.30. Sign convention for the stacking sequence of a laminate. 
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I.8.2.1.2. Symmetric Laminates 

A laminate achieves symmetry when its geometric mid-plane aligns with the plane of 

symmetry. In such cases, its designation requires only half of the laminate. When a laminate 

comprises an even number of layers, its designation begins from a face and extends to the plane 

of symmetry. The presence of index S denotes symmetric nature in the laminate. For instance: 

 

If the laminate consists of an odd number of layers, its designation follows a similar 

pattern as before, but the central layer is marked with an over line. For example: 

 

I.8.2.1.3. Sequences 

One way to denote recurring sequences is by using an index to specify how many times 

the sequence is repeated consecutively. For instance : 
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I.8.2.1.4. Hybrid Laminates 

Hybrid laminates are composed of consecutive layers constructed from various types of 

fibres. Therefore, it becomes essential to specify them in the designation. For instance, in 

laminates with identical resin: 
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Where G stands for glass, C for carbon, and K for Kevlar. 

I.8.2.2. General Structure of a Laminate 

Typically, the reinforcement in each layer varies, including strands, roving, mats, cloths, 

glass fibres, carbon fibres, and more. Consequently, each layer must be designated by 

specifying the type of fibre and reinforcement, such as strand, mat, or cloth, along with 

indicating the proportion of fibres in both the warp and weft directions. 

The selection of the type and arrangement of layers relies on the intended application of 

the composite material, ensuring optimal adaptation to the applied stress field: 

 Unidirectional layers exhibit strong mechanical performance along the fibre direction; 

 Mats offer limited tensile strength and are best suited for compressed areas. For 

instance, employing unidirectional layers in the tension zone and mats in the 

compression zone of a beam undergoing bending; 

 Cross-ply laminates are prone to inter-laminar delamination; 

 Laminations featuring at least three fibre directions are necessary to achieve pseudo 

isotropy within the laminate plane. 

I.8.2.2.1. Hybrid Laminates 

Hybrid laminates enhance performance by maximizing the advantageous properties of 

the diverse fibres at hand. Within the realm of hybrid laminates, various types can be discerned: 

 Interplay hybrids consist of a series of layers, each with distinct properties; 

 Intraplay hybrids are constructed with identical layers, yet each layer comprises 

different materials; 

 Metal layers are inserted between the other layers. 
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Figure I.31. Loaded beam under bending. 

I.8.3. Sandwich Composites 

The concept of sandwich construction involves applying two "sheets" or skins to both 

sides of a core material, typically lightweight and strong under compression. This method aims 

to create a structure that is both lightweight and rigid. 

Material selection typically prioritizes minimal weight initially, and then considers 

factors such as thermal and corrosion resistance, cost, etc., based on usage conditions. 

 

Figure I.32. Sandwich materials with solid cores. 

 

Figure I.33. Sandwich materials with hollow cores. 
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The skins are most frequently laminates (glass, carbon, Kevlar) or light alloy sheets. 

For sandwich constructions to fulfil their purpose effectively, it is crucial to ensure a 

seamless bond between the core and the skins, enabling the transmission of mechanical loads. 

This bonding is achieved by employing resin systems that are compatible with the core material. 

I.9. Applications of composite materials 

With functions fulfilled by composite materials, spanning mechanical; chemical; and 

physical domains, three themes emerge lifespan; ease of design; and safety.   

I.9.1. In aerospace industry 

High-performance composites, consisting of an epoxy matrix combined with a high 

proportion of carbon fibre reinforcements, are primarily used in the fabrication of primary 

structural components for aircraft. Their lightweight nature, flexibility in shape, and cost-saving 

maintenance benefits make them ideal. However, challenges in assembly and limited impact 

resistance, particularly with thermoset materials, are significant drawbacks in this sector. 

Applications include wings for general aviation aircraft, cabins, and paramotor (powered 

paraglider) shells. 

I.9.2. In automotive industry 

Composites with polyester matrix and glass fibres are predominantly used, but there is 

growing interest in thermoplastic composites. Composites offer easy maintenance and 

extensive design flexibility. Their use contributes to vehicle weight reduction, thus lowering 

fuel consumption. However, their long-term development is hindered by challenges in 

integrating them into manufacturing processes and meeting recyclability requirements. 

Examples of applications include clutch pedals, spoilers, and components for 

motorhomes, helmets, and neck protections for F1 drivers. 

I.9.3. In railway industry 

Thermoset matrix composites and long fibre composites are predominantly used. The 

ease of design and good fire behaviour are the main advantages of composite materials in 

railways. However, their widespread adoption is hindered by their higher cost compared to steel 

solutions. 
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Examples of applications include TGV noses, train toilet modules, stair modules, ceiling 

panels for bar cars, seats, and parts for protection against electrical arcs. 

I.9.4. In building industry 

Composites offer flexibility in shapes, resistance to weather conditions, and carbon fibre 

reinforced composites provide earthquake resistance. However, their use in France can only 

expand if current technical specifications are better tailored to their specificities. 

Examples of applications include profiles and structural plates. 

 

Figure I.34. Composite materials profiles. 

 

Figure I.35. A building structure made of composite materials. 

I.9.5. In recreational boat construction 

Composites are essential for vessels smaller than 40 meters. Currently, about 85% of 

composites used in this sector are processed through contact moulding (manual). However, 

environmental concerns are pushing the composite materials industry in the boating sector to 

evolve, particularly to comply with European regulations limiting VOC emissions (styrene). 
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Examples of applications include hulls and interior fittings. 

I.9.6. In sports and leisure 

Sports and leisure equipment manufacturers use high-performance composites with a 

reinforcement rate of over 70%. Composites allow for custom enhancement of sports 

equipment's performance and reliability. However, the mechanical and elastic resistance of 

thermoplastic composites remains too low compared to lightweight alloys, especially for 

composites with polypropylene and polyamide matrix. 

Application examples include rackets, ski bindings, skis, Jet Ski hulls, competition 

bicycle wheels, and sulkies. 

I.9.7. In electrical and electronics 

The electrical and electronics sector extensively utilizes high-performance composites, 

primarily in the form of semi-finished products. Thanks to the remarkable properties of 

composite materials, electrical construction achieves reliable equipment with multiple 

functions and long lifespan. 

Application examples include printed circuit boards [21]. 

I.10. Advantages and disadvantages of composite materials 

Composites are preferred over other materials because they offer advantages related to: 

 Their lightness; 

 Their resistance to corrosion and fatigue; 

 Their insensitivity to products such as greases, hydraulic fluids, paints, and solvents; 

 Their ability to take various shapes, integrate accessories, and allow for noise reduction. 

However, some disadvantages hinder their widespread adoption: 

 The costs of raw materials and manufacturing processes; 

 The management of generated waste and increasingly strict regulations; 

The composite materials industry must therefore address certain challenges today, such as: 

 Controlling emissions of volatile organic compounds, for example, styrene; 
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 Mastering transformation processes and material performance, which requires a 

thorough understanding of the constituents involved. 

The establishment of technologies and processes for end-of-life waste management is the 

most challenging aspect to address due to the thermoset nature of most composites. 

Additionally, in this regard, recycling is currently very limited because shredding or other 

processes are very costly and yield low-quality material [22]. 

I.11. Conclusion 

Composite materials play an essential role in the field of civil engineering. Their 

lightweight, strength, and durability make them ideal choices for constructing strong and long-

lasting structures. They also offer great design flexibility, allowing for a variety of shapes and 

dimensions.  

Composite materials represent a promising solution for several challenges across various 

domains. 
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II.1. Introduction 

Sandwich plates have become essential components in various building structures, 

presenting many features including lightweight, cost-effectiveness, and durability. They serve 

as structural building components in various industrial and office buildings across Europe and 

the USA. Moreover, their application has expanded to residential construction, enhancing both 

structural integrity and thermal efficiency. Historically, Australia primarily utilized sandwich 

panel construction in cold-storage buildings due to insufficient design methods and data. 

Nevertheless, there has been a notable increase in their use in building structures, notably as 

roof and wall cladding systems. 

Structural sandwich panels comprise two robust facings firmly bonded to a central core 

of lighter, weaker material. These panels typically employ steel faces in three variations: flat, 

lightly profiled, and profiled. The facings not only offer architectural aesthetics and structural 

rigidity but also shield the core material from damage or weathering. Responsible for bearing 

compressive and tensile loads, the faces distribute forces, while the core facilitates shear load 

transfer between them, ensuring superior bending stiffness. Thus, sandwich panels exemplify 

the optimal utilization of diverse materials [23]. 

II.2. Definition of sandwich structures 

A sandwich consists of three main parts. A thick, lightweight, and weaker core separates 

two thin, stiff, and strong faces. The faces are bonded to the core to achieve a load transfer 

between the components. 

 

Figure II.1. Schematic of a structural sandwich panel in comparison with I-beam. 
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The ASTM defines a sandwich structure as follows: 

A structural sandwich, a unique type of laminated composite, combines different 

materials bonded together to utilize the properties of each separate component, enhancing the 

structural advantage of the entire assembly. 

Sandwiches and I-beams share a similar operational principle. I-beam's efficiency lies in 

distributing material to the flanges, furthest from the bending centre or neutral axis, with just 

enough in the web to ensure the flanges work together and resist shear and buckling. In a 

sandwich, the faces serve as the flanges, and the core replaces the web. Unlike an I-beam, the 

core of a sandwich, made of a different material, provides continuous support for the faces 

rather than being concentrated in a narrow web. Together, the faces form a stress couple to 

counteract external bending moments, while the core stabilizes against shear and buckling. A 

strong bond between the faces and the core is crucial to resist shear and tensile stresses, 

emphasizing the critical role of the adhesive. 

The selection of constituents primarily relies on the specific application and the 

established design criteria. Designing a structural sandwich involves not only geometry but also 

an integrated process of geometrical design and materials selection [24] 

II.3. Geometric characteristics of sandwich materials 

Sandwiches can be classified into three categories based on the value of the ratio d/tƒ (d 

being the distance separating) as follows: 

 If the ratio d/tƒ is greater than 100, we refer to it as sandwiches with very thin skins; 

 For a ratio d/tƒ between 100 and 5,77, the sandwich is considered to have thin skins; 

 In the case where d/tƒ is less than 5,77, the structure is characterized by thick skins [25].  

 

Figure II.2. Typical geometry of sandwich panel [26]. 
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For a symmetrical sandwich (with skins of equal thickness) d = tƒ + tc  

In addition to their good bending rigidity, resistance to buckling, and lightweight nature, 

sandwich materials also possess good thermal and acoustic insulation properties. This explains 

their increasingly frequent use as partitions. These materials are also being increasingly utilized 

in aerospace or transportation industries as primary or secondary structures, such as in the hulls 

of fast boats or aircraft floors [25]. 

II.4. Constituent elements of sandwich materials 

II.4.1 Skins 

Generally, of a small thickness, skins are made of any material that can be obtained in the 

form of a layer. They can be made of wood, metal, or composite material. The choice of the 

nature and sequence of the layers will depend on the use of composite materials. Skins aim to 

absorb the bending efforts translated by normal stresses (tension or compression) [25]. 

 

Figure II.3. The various materials for making the skins [27]. 

II.4.2. Core 

Lightweight, the core generally has very low resistance to bending. Its purpose is to 

withstand compressive and shear forces. The most commonly used core materials typically 

come in two forms: 
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II.4.2.1. Solid cores 

 Among which you can find balsa (or cellular wood), various cellular foams, and resins 

filled with hollow glass microspheres (syntactic foams). 

 

Figure II.4. Sandwich materials with solid cores [28]. 

II.4.2.2. Hollow cores 

Primarily honeycomb and profiled (lightweight metallic grids, coated or uncoated paper 

grids, polycarbonate grids, and polypropylene grids). 

 

Figure II.5. Sandwich materials with hollow cores [28]. 

II.4.2.3. Core materials 

Perhaps the most crucial material component, though not initially apparent, holds 

significant importance. Engineers commonly possess minimal knowledge of this component. 

Load carrying sandwich constructions utilize cores categorized into four main groups: 
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corrugated, honeycomb, balsa wood, and foams. Ideally, the core should possess low density 

to minimize the sandwich's overall weight. 

 

Figure II.6. Main groups of core materials. 

II.4.2.3.1. Balsa wood 

Balsa served as the inaugural material for cores in load carrying sandwich structures. This 

wood boasts a high-aspect-ratio closed-cell structure, with its fibres or grains aligning in the 

axial direction, resulting in cells typically measuring 0.5-1 mm in length and about 0.05 mm in 

diameter. Consequently, balsa exhibits exceptional properties in the axial direction, albeit 

significantly lower in other directions. Balsa's sensitivity to humidity causes its properties to 

rapidly decline with increased water content. To address these challenges, balsa is 

predominantly utilized in its "end-grain" shape. 

 

Figure II.7. Cross section of a tree defining coordinate system of wood products. 

II.4.2.3.2. Honeycomb cores 

Researchers and engineers have developed and primarily utilized core materials of 

honeycomb type in aerospace applications. However, building applications also utilize 

inexpensive honeycomb materials crafted from impregnated paper. Manufacturers can produce 

honeycomb materials in various cell shapes, including square, rectangular, triangular, or 
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corrugated, though the hexagonal shape is most prevalent. Aluminium, impregnated glass, or 

aramid fibre mats, like “Nomex”, constitute the most frequently used honeycombs. Due to 

manufacturing methods, honeycombs not only exhibit diverse out-of-plane properties but also 

vary in in-plane properties [24]. 

 

Figure II.8. Schema of honeycomb core. 

II.4.2.3.3. Foams 

They are the most commonly used, produced from polyvinyl chloride, polystyrene, 

polyurethane, or other synthetic polymers. Their densities range from 30 to 300 kg/m3 and 

thicknesses from 3 to 40 mm. The average sampling is 80 kg/m3 density and 15 mm thickness. 

They are thermoformable, allowing for the creation of complex shapes. Their mechanical 

properties are good, they adhere well to resin, and have low water absorption. However, their 

weakness lies in low impact resistance [29]. 
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Figure II.9. Materials for core production. 

II.4.3. Adhesive 

The assembly of the sandwich structure can be done by bonding, welding, or brazing. It 

is also assumed that, regardless of the assembly method of the different layers, the bond is 

perfect. The adhesive is an essential component involved in the manufacture of a sandwich. It 

allows for a good assembly of the structure and load transmission. Its main mechanical 

characteristic is shear-strength. In the case of composite skins, the insertion of this third phase 

can be avoided by using a self-adhesive resin [29]. 

II.5. Design considerations in sandwich construction 

Numerous core and face sheet materials offer plausible choices for sandwich 

construction. Adhesives or mechanical fastenings bond the sandwich components to form a 

composite load-bearing unit. Essentially, face sheets bear bending stresses while cores handle 

shear stresses. Sandwich structures exhibit significantly higher bending stiffness compared to 

solid structures of equivalent weight and facing material. 
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II.5.1. Structural considerations 

The directional properties of honeycomb cores and face sheet materials require ensuring 

their orientation along the optimal axis to maximize advantages. These structures enhance 

stiffness at minimal weights, necessitating thick face sheets to endure tensile and compressive 

stress from mechanical loads. Overall, the structure should possess high flexural and shear 

rigidity to minimize deflections under heavy loads. Face sheets need ample stiffness to increase 

fundamental frequency, while cores require sufficient shear modulus to prevent sandwich 

buckling under load. 

II.5.2. Environmental considerations 

The face sheets and the core must possess high resistance against degradation, moisture, 

and humidity. Given the sandwich panel's exposure to harsh space environments, it must endure 

sudden temperature variations and intermittent heating from the sun. Thus, the ability to 

withstand temperature becomes a crucial factor in selecting core and face sheet materials. 

Additionally, the emissivity and absorptivity values of the face sheets dictate the amount of heat 

radiated into space. With one face sheet continuously exposed to outer space, its absorptivity 

value determines the extra heat burden from the sun, in addition to that from electronics [26].  

II.6. Design of sandwich structures 

Although generally designed to withstand bending forces, sandwich structures are also 

intended to meet other requirements, such as thermal and acoustic insulation, etc. 

The choice of sandwich type mainly depends on its application. The main objectives of a 

'sandwich' designer are to select the appropriate materials constituting the structure and to 

determine the respective thicknesses of the skins and the core in order to resist bending 

moments, shear, and axial stresses induced by the applied forces. 

Generally, the design is based on sandwich theory (homogeneous beam theorem) and the 

selection of materials with appropriate properties [30]. 

 

II.6.1. Material selection criteria 

From a mechanical standpoint, the material selection criterion for the core is high shear 

strength. Its low production cost, long-term reliability, low water or moisture absorption, 
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behaviour against fire and heat, as well as its acoustic and thermal insulation capabilities, can 

also be decisive criteria in the material selection process. 

II.6.1.1. Bending resistance 

Generally, sandwich structures are stiffer than conventional beams. This is due to the 

efficient geometric distribution and the support of loads by the skins, which allow for a higher 

stiffness factor, for instance the modulus of elasticity (E) and the moment of inertia (I). 

The skins must adhere as closely as possible to the core since the final mechanical 

behaviour of the sandwich structure is directly linked to this adhesion. 

II.6.1.2. Impact resistant  

The impact resistance of a composite sandwich structure is largely influenced by the 

energy absorption capacity of the core. This absorption capacity can be enhanced by increasing 

the density of the core material. When subjected to impact, a significantly different behaviour 

is observed depending on whether the core is foam or honeycomb. 

Foam cores dissipate the impact energy by absorbing it within their cellular structure, thus 

diffusing it throughout the sandwich. This is why PVC foams, both thermoplastic and thermoset 

flexible foams, have good shock absorption capabilities. 

In the case of a honeycomb core, the walls transfer the energy perpendicularly from one 

skin to the other, which can lead to the tearing of the opposite skin. 

II.6.1.3. Compressive strength 

The compressive loads are fully transferred to the core of the sandwich. Honeycomb 

structures can withstand high compressive stresses normal to the panels. However, their 

anisotropy makes them prone to failure when loaded in multiple directions, such as with 

components subjected to hydrostatic loads. A combination of honeycomb and foam is 

recommended as a solution in such cases. 

II.6.1.4. Adhesive strength (Peel strength) 

Insufficient peel strength can lead to delamination of the skins and cause catastrophic 

failures. Generally, in foam-cored sandwiches, the adhesive bond strength between the skins 

and the core must exceed the shear strength of the core. PVC foams provide superior adhesion 
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forces compared to balsa or polymethacrylimide (PMI). Polyurethane (PU) foams, on the other 

hand, are brittle, making bonding difficult. As for honeycomb cores, their reduced contact area 

explains the challenge in achieving high peel strength. 

II.6.1.5. Insulation 

The reduction of weight, acoustic and thermal insulation, as well as vibration damping, 

are necessary in various applications. 

Thanks to their cellular structure, many foams achieve excellent results in terms of 

thermal and acoustic insulation, whereas honeycomb structures offer less convincing, more 

limited performance. 

Therefore, when good thermal and acoustic insulation properties are required, sandwich 

structures with foam core are wise choices. When weight reduction is the sole objective, 

sandwich structures with honeycomb core should be considered. 

II.6.1.6. Water absorption 

In sandwich structures, the absorption of moisture and water by the core can lead to a 

significant decrease in its mechanical properties. If the skins of the sandwiches are damaged, 

the use of water or moisture-sensitive cores further increases the risk of delamination. Even 

under normal service conditions, the internal evaporation of absorbed water can cause 

delamination of the skins. To address this issue, additional thermal treatment of the core is 

sometimes necessary before sandwich implementation. 

II.7. Assembly techniques for sandwich materials 

II.7.1. Skin graft onto the core 

To ensure that sandwich structures fully perform their role, it is necessary to ensure 

perfect bonding of the core and skins to distribute the loads between the core and skins. 

The assembly is achieved according to Figure II.9 through bonding using resins 

compatible with the materials involved. 
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Figure II.10. Sandwich panel made by adhering corrugated profile with cardboard sheets 

together. 

II.7.2. Folding technique  

After the implementation, the sandwich panels can be shaped by folding as shown in 

Figure II.11. 

Start by stripping a strip of one of the coverings along the fold axis and to a width that 

depends on the thickness of the plate and the desired folding angle. Then fold and maintain the 

angle in the chosen position [30]. 

 

Figure II.11. Folding of sandwich panels. 

II.8. Failure modes of sandwich structures 

Sandwich, despite its high stiffness, it must also have high strength. Four different modes 

of failure occur in sandwich composites when subjected to bending loads. The structure will 

fail at the mode that occurs at the lowest load. These modes include [26]: 
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II.8.1. Yielding or fracture of the tensile face 

This type of failure happens when the normal tensile stresses from the tensile loading 

exceed the yield strength of the face sheet materials. 

 

Figure II.12. Tensile fracture of face sheets of sandwich. 

II.8.2. Buckling or wrinkling of the face 

This failure method happens because excessive compressive stresses cause instability in 

the face sheets. 

 

Figure II.13. Face sheet wrinkling. 

II.8.3. Failure of the core in shear 

The failure generally happens when the shear stress in the core surpasses its shear 

strength. The foam density, pore size, and heat treatment temperature determine the shear 

strength of the core. 

 

Figure II.14. Shear failure in the core. 

II.8.4. Failure of the bond between the face and the core 



Chapter II: Sandwich plates 

56 
 

This failure only happens when stresses at the interface (adhesive) reach a high enough 

level to cause delamination. 

 

Figure II.15. Debonding phenomena. 

II.9. Theory of sandwich panels 

A sandwich material consists of a low-density material (core) onto which layers (skins) 

with high rigidity and strength are bonded. The essential function of the sandwich core is to 

transmit mechanical actions from one skin to the other through transverse shear. The skins can 

be made of laminates or metallic materials with thickness h1 (lower skin) and thickness h2 

(upper skin). 

The thickness of the core will be denoted as hc, and the total thickness of the sandwich H 

(H = h1 + hc + h2). At each point of the sandwich structure, the coordinate system will be chosen 

so that the (x, y) plane is the medium plane. 

II.9.1. Assumptions of sandwich material theory 

The theory of sandwich materials is based on the following assumption [31]: 

 The core thickness is higher than that of the skins; 

 The displacements of the core cu and cv along the x and y directions are linear functions 

of the coordinate z; 

 The displacements u and v along the x and y directions are uniform across the thickness 

of the skins; 

 The transverse displacement w is independent of the variable z: the ɛzz deformation is 

neglected; 

 The core only transmits transverse shear stress 𝜏𝑥𝑧 𝑎𝑛𝑑 𝜏𝑦𝑧: the stresses 

𝜕𝑥𝑥, 𝜕𝑦𝑦, 𝜏𝑥𝑦 𝑎𝑛𝑑 𝜏𝑧𝑧 are neglected;  

 The transverse shear stresses τxz and τyz are neglected within the skins; 

 Finally, the theory addresses problems of elasticity under small deformations.  



Chapter II: Sandwich plates 

57 
 

II.10. Advantages and disadvantages of sandwich structures 

Efficient design of a sandwich element allows for the optimization of each material 

component to its fullest potential. This assembly offers significant benefits, including a high 

stiffness-to-weight ratio and bending strength-to-weight ratio. Sandwich structures enhance the 

flexural rigidity of a system without adding substantial weight, particularly advantageous with 

the introduction of composite materials. These materials often provide comparable or superior 

strength to metals like aluminium or steel but may lack stiffness. However, sandwiched 

composites effectively address this issue. The continuous support of the face sheet prevents 

buckling under high compressive stress, crucial for maintaining smooth surfaces in applications 

such as aircraft structures. Sandwich structures have demonstrated superior fatigue strength and 

acoustical insulation, although further investigation is warranted. Cellular core materials 

eliminate the need for additional thermal insulation, reducing structural weight and integrating 

additional functionality at minimal cost. Manufacturing sandwich elements in large sheets 

simplifies assembly, reducing the number of parts and saving money. Incorporating fibre 

composite faces allows for the fabrication of large structures in a single piece, further 

streamlining assembly and ensuring uniform load distribution. 

Using sandwich constructions comes with several disadvantages. One major obstacle 

revolves around the lack of general knowledge among engineers and designers in the industry 

regarding both the concept and the materials used. Overcoming this issue is achievable through 

education at both undergraduate and graduate levels. As the concept is still relatively new in 

many applications, there is a strong demand for research and development in certain areas. One 

primary obstacle is the infancy of the manufacturing methods, which require significant labour 

and lack automation. This, in turn, complicates quality control efforts. The limited experience 

and access to material data for many of the materials used in sandwich structures make 

designers cautious and conservative, leading to over-designed structures contrary to the primary 

goal of weight saving. Further research is crucial in understanding the fatigue of sandwich 

materials and structures, encompassing aspects such as un-notched fatigue data and accounting 

for damage and its growth over time. Damage can occur during both the manufacturing process, 

resulting in flaws, and during in-service, caused by overloading, fatigue, or impact. [24]. 
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II.11. Applications of sandwich structures 

The photographs and illustrations below displaying various applications of sandwich 

constructions. Sandwich constructions find widespread use across various industrial sectors, 

including building and aerospace applications, as observed [24]. 

The GRP (Glass reinforced plastic) terrain vehicle incorporates sandwich components 

into its structure to achieve greater stiffness, strength, and integrated thermal insulation. It 

prioritizes a low structural weight to manoeuvre effectively in environments like deep snow. 

Reducing the truck structure's weight increases its payload capacity. The sandwich design 

combines high stiffness, strength, and integrated thermal insulation effectively. 

 

Figure II.16. Part of the truck is made of sandwich structure. 

The sandwich container shares a similar application with the truck structure. It combines 

a lightweight structure with high thermal insulation for transporting cold goods, such as fruit or 

other food items. 

 

Figure II.17. Sandwich container. 

Researchers and developers are actively exploring the implementation of sandwich design 

in various transportation applications, such as cars, subway cars, and trains. Their goal is to 
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decrease weight and emissions while incorporating cost-saving manufacturing details. 

Additionally, the potential for integrating thermal and acoustic insulation functions is 

considered advantageous. 

 

Figure II.18. Parts of the IC3 train is made in sandwich design.  

A variety of pleasure boats and ships utilize sandwich design, commonly featuring 

sandwich-designed decks and hulls. 

 

Figure II.19. Motor launch in GRP-sandwich design. 

Even larger ships employ GRP-sandwich design, such as SMYGE and the new monohull 

navy ship YS2000. The decision to use sandwich design for these structures stems from the 

desire to incorporate non-magnetic materials with high-energy absorption capability and low 

structural weight. 

 

Figure II.20. The YS2000 Surface attack ship of the Swedish navy made in Carbon fibre 

reinforced polymer (CFRP)-sandwich. 
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A relatively recent application of sandwich design is the wellhead protection structure for 

North Sea oil pumps. These structures sit atop the oil pumps on the sea floor, shielding them 

from potential damage caused by foreign objects. The primary focus of this protection is 

undoubtedly high impact strength, along with essential characteristics such as low corrosion 

and lightweight design. 

 

Figure II.21. Sub-sea wellhead protection in GRP-sandwich. 

In civil engineering, sandwich panels have a longstanding history of use due to their 

lightweight properties and thermal insulation capabilities. An exemplary instance is the 

Stockholm Globe Arena, where sandwich elements are integrated into a load-bearing 

aluminium framework. Similarly, sandwich panels find application in structures like windmill 

housings and garage doors. 

 

Figure II.22. Windmill housing structure in GRP-sandwich. 
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Figure II.23. Large doors in sandwich construction. 

Sandwich construction has been a staple in aerospace for quite some time, with 

applications spanning wings, doors, control surfaces, radomes, tail planes, stabilizers, and more, 

in both military and civil aircraft. The Swedish SAAB JAS 39 Gripen utilizes several parts 

crafted in a sandwich design. Additionally, space structures like antennas and solar panels 

commonly employ sandwich designs. 

II.12. Conclusion 

This chapter deals with sandwich structures, where it highlights the crucial importance of 

this component in modern construction. From their ingenious design to their versatile use, these 

panels offer an efficient and durable solution for a variety of architectural and industrial 

applications. Sandwich panels represent an essential element in the landscape of contemporary 

construction, combining performance, durability, and aesthetics. 
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III.1. Introduction 

In the field of structural engineering, analysing strains and stresses poses a significant 

challenge, especially in the design of structures such as bridges, buildings, vehicles, and aircraft. 

Understanding the static behaviour of these structures requires a precise approach to the 

phenomena associated with plates, which can be highly complex. Among various applications, 

several types of plates are distinguished, each with distinct material properties, ranging from 

membranous plates to thick plates. 

III.2. Definition of plate 

A plate is a solid bounded by two parallel planes, the faces, and a cylinder of large extent 

(of any cross-section and not necessarily circular) whose axis is perpendicular to the faces [32]. 

 

Figure III.1. Notation for a plate. 

 The mid-plane, or median plane: a plane located equidistantly between the faces (it's 

equivalent to the average curve of plates); 

 The neutral sheet: an infinitesimally thick element of material located around the mid-

plane (it's equivalent to the neutral fibre of plates); 

 A normal fibre: a set of points located on a normal to the mid-plane, at a given point 

(x, y); its direction is along the z-axis. 

We call h the thickness of the plate; thus, the lower plane is the plane z = -h/2 and the 

upper plane is the plane z = h/2. 



Chapter III: Investigation on the plate’s theories 

63 
 

These plates are often followed by the adjective thin or thick depending on the thickness 

h, which we generally assume. 

 For thick plates: 
1

20
<

ℎ

𝐿
<

1

4
 

 For thin plates: 
ℎ

𝐿
<

1

20
 

III.3. Different types of plates 

Depending on the nature of the materials they are made of and the geometry of their cross-

section, plates can be classified into three categories [33]; 

1. Isotropic plates: they are made of an isotropic material (such as steel or plastics) and 

have a uniform cross-section. They are defined by two elastic parameters (E and ν, 

respectively the modulus of elasticity and the Poisson's ratio). They are commonly 

found in civil constructions (buildings, civil engineering structures, etc.). 

2. Orthotropic plates: their elastic properties vary in two perpendicular directions. 

Orthotropic can be natural (wood) or engineered (composite panels). The behaviour of 

these panels is defined by four elastic parameters, and they are commonly found in naval 

and aerospace constructions, offshore structures, chemical industry tanks, buildings, and 

civil engineering structures. 

3. Anisotropic plates: their elastic properties vary in all directions. Nine elastic 

parameters are needed to describe them. They are often made of composite materials 

and are primarily used in aerospace industries. 

III.4. Different types of plate behaviours 

The deformation energy of a plate can be decomposed into three main terms: bending, 

membrane, and shear. When the thickness tends to zero, the shear energy becomes negligible, 

and the deformation undergone by the plate belongs to one of the following three asymptotic 

categories depending on the geometry, boundary conditions, and applied forces: 

 Dominant bending; 

 Dominant membrane ; 

 Mixed case. 
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III.5. Fundamental assumption of the theory of beams and plates  

III.5.1. Principle of Saint-Venant 

The principle of Saint-Venant states: The stress at a point distant from the points of 

application of a system of forces depends only on the overall resultant and resultant moment of 

this force system. Even if the stress distribution is not the same, the solution found will be valid 

if the point of application of the loads is placed sufficiently far away [34]. 

III.5.2. Generalized Navier-Bernoulli Principle 

The Navier-Bernoulli hypothesis consists of assuming that the cross sections normal to 

the average fibre remain flat during the deformation of the beam. This assumption, which allows 

for the calculation of normal stresses due to bending moments, is well validated in the case of 

pure bending where the shear force is zero. 

However, in the case of simple bending with shear force, the sections do not remain flat 

but instead warp into much flattened S-shaped curves. 

Similarly, when studying torsion, we will see that a non-circular section, having two axes 

of symmetry, undergoes radial distortion under the effect of a torsional couple. 

The Navier-Bernoulli principle is based on the following observations: 

 The deformation of a section is always very small compared to the dimensions of the 

section. 

 The change in deformation, when moving from one section to an infinitely 

neighbouring section, is always very small relative to the distance between the two 

infinitely neighbouring sections. 

 The Navier-Bernoulli principle amounts to neglecting shear and deformation of the 

cross-sections in the study of displacement and deformation of a beam element. 

It is rare to find a theory that would be applicable to all possible cases (composite material, 

anisotropic, isotropic, large number of layers, sandwich stratification, etc.) and to different 

domains (statics, dynamics, and buckling), and which would be simple, easy, and cost-effective 

in terms of computation time. 

The oldest theory is that of Kirchhoff [35], which neglects the effect of transverse shear. 

Consequently, it can only be applied to very slender structures. 
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The first-order theory commonly associated with Mindlin-Reissner [36], who was one of 

the first to state its foundations, takes into account the effects of transverse shear across the 

thickness. 

Assuming that straight sections remain straight, it leads to a constant transverse shear 

stress vector throughout the thickness, which contradicts the usual quadratic representation for 

beams (according to Timoshenko's theory) or flexural plates. 

To address this limitation, correction factors for transverse shear are introduced. Finite 

elements formulated in displacement, based on first-order theory, typically yield satisfactory 

results for isotropic and orthotropic structures.  

However, their accuracy diminishes when applied to composite materials containing 

multiple layers with significantly different levels of anisotropy between each layer. In such 

cases, it is necessary to impose continuity conditions on the interfaces, as in the case of Topdar 

[37]. 

Although the integration of shear correction factors into first-order displacement models 

has solved issues with multilayer structures, their evaluation unfortunately remains dependent 

on the number of stratifications. 

To definitively address this issue, more advanced theories were developed in the 1970s. 

The first of these theories, proposed by Whitney in 1969, posited the existence of a 

displacement field of order higher than 3. Although it yielded precise results, it was abandoned 

due to its complexity, requiring a large number of parameters [38]. 

Following that, new theories arose, each bringing its own set of advantages and 

disadvantages, characterized by varying formalisms tailored to specific areas of application. 

III.6. Classical Laminated Plate Theory (CPT) 

This theory is based on the principle’s hypothesis of Kirchhoff in 1950, where the 

deformations caused by transverse shear are neglected, and where the normal to the average 

surface of the plate remains perpendicular and straight after deformation. This amounts to 

neglecting the effects of transverse shear deformation, resulting in a linear distribution of 

displacements across the thickness [39]. 

It is only suitable for thin plates where the deflection caused by shear deformations 

remains negligible compared to the deflection caused by the curvature of the plate. In the case 

of a homogeneous isotropic plate, the contribution of shear to the deflection is directly related 

to the slenderness ratio (L/h) [40]and [41]. 
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Figure III.2. Illustration of the Love-Kirchhoff Plate [42]. 

Then, the displacement field of Love-Kirchhoff is written as, 

{
 
 

 
 𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧 

𝜕𝑤0
𝜕𝑥

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) − 𝑧
𝜕𝑤0
𝜕𝑦

𝑤(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦)

 

With: 

𝑢0 and 𝑣0 : The membrane displacements in the x and y directions, respectively, 

𝑤0 : The deflection of the plate, 

𝜕𝑤0

𝜕𝑥
 and  

𝜕𝑤0

𝜕𝑦
 : The rotations due to bending (without shear). 

The principal plane of the plate is the (o, x, y) plane, and the thickness is oriented along 

the axis z ϵ [-h/2; h/2]. 

Because this model does not account for the effect of transverse shear, it yields inaccurate 

results for thick plates. 

III.7. First Order Shear Deformation Theory (FSDT) 

This theory, also known as the Mindlin theory, builds upon the work of Timoshenko [40] 

and is regarded as an enhancement of the classical theory of thin plates, known as the Kirchhoff 

theory. 

Taking into account the effect of transverse shear by introducing a shear correction factor, 

the consequence of this assumption is that a straight section remains straight but not 

perpendicular to the average surface due to the transverse shear effect [36] and [43]. 
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The Reissner-Mindlin displacement field is expressed as: 

{

𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧 ∅𝑥(𝑥, 𝑦)

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) − 𝑧 ∅𝑦(𝑥, 𝑦)

𝑤(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦)

 

With: 

∅𝑥 and ∅𝑦 : The rotations of the normal to the mid-plane about the x and y axes. 

 

Figure III.3. Illustration of the Reissner-Mindlin plate [42]. 

The displacement field defined in the above expression enables us to revisit the classical 

plate theory described in the last section through substitution, ∅𝑥 =
𝜕𝑤0

𝜕𝑥
 , ∅ =

𝜕𝑤0

𝜕𝑦
. 

Moreover, to avoid introducing a correction factor, high-order shear deformation theories 

have been developed [18]. 

III.8. Higher Order Shear Deformation Theory (HSDT) 

Unlike the CPT theory and the FSDT theory with the acceptance of linear distribution of 

displacement across the thickness, the high-order theory is based on a nonlinear distribution of 

fields through the thickness. Therefore, it takes into account the effects of transverse shear 

deformation and/or transverse normal deformation. These models do not require correction 

factors [34]. 
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Figure III.4. Illustration of the high-order plate [42]. 

References on such models can be found in [36], [44], [45]and [46]. 

 

Figure III.5. Description of the deformation of a plate according to the theories: CLPT, 

FSDT and HSDT [42]. 

Indeed, the displacements of the Classical Laminated Plate Theory (CLPT) are obtained 

by taking 𝑓(𝑧) = 0, whereas the First-order Shear Deformation Theory (FSDT) can be obtained 

by taking 𝑓(𝑧) = 𝑧 [18]. 

Generally, these theories utilize a Taylor series expansion across the thickness of the 

displacement field with the following form: 

 𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) + 𝑧 ∅𝛼(𝑥, 𝑦) + 𝑧
2 ∅𝛼

2(𝑥, 𝑦) + ⋯+ 𝑧𝑛 ∅𝛼
𝑛(𝑥, 𝑦)  
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Where n determines the order used in the model. In Kirchhoff-Love theory, n=0. 

Reissner-Mindlin theory is a first-order theory with n=1 for in-plane displacements and n=0 for 

the normal displacement. 

Most higher-order shear deformation theories (HSDT) are based on the approaches of 

Reissner and Mindlin, and their displacement field is written in the following form: 

{
 
 

 
 𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧 

𝜕𝑤0(𝑥, 𝑦)

𝜕𝑥
+ 𝑓(𝑧)∅𝑥(𝑥, 𝑦)

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦, 𝑧) − 𝑧 
𝜕𝑤0(𝑥, 𝑦)

𝜕𝑦
+ 𝑓(𝑧)∅𝑦(𝑥, 𝑦)

𝑤(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦)

 

With: 

𝑢0 , 𝑣0 𝑎𝑛𝑑 𝑤0: Are the membrane displacements. 

∅𝑥 𝑎𝑛𝑑 ∅𝑦 : Rotations around the x and y axes. 

𝑓(𝑧): A transverse shear function characterizing the corresponding theories. 

However, several shear functions have been used in higher-order models: 

 The Reissner approach expressed by: 

 𝑓(𝑧) =
5

4
 𝑧 (1 −

4 𝑧2

3 ℎ2
)  

 The approach of Ambartsumyan given in the form of: 

 𝑓(𝑧) =
𝑧

2
(
ℎ2

4
−
𝑧2

3
)  

 Reddy's approach, The transverse shear function is of the following form: 

 𝑓(𝑧) = 𝑧 (1 −
4 𝑧2

3 ℎ2
)  

With: h is the thickness of the plate. 

O. Polit and M. Touratier [47] propose the "sine" form for the shear function f(z). This 

function is expressed in sinusoidal trigonometric form. Therefore, the transverse shear function 

is written as The Touratier approach with: 

 𝑓(𝑧) =
ℎ

𝜋
sin (

𝜋 𝑧

ℎ
)  
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III.9. Zeroth Order Shear Deformation Theory (ZSDT) 

In addition to higher-order theories, a new shear deformation theory has been employed 

to describe the behaviour of laminated plates made of composite materials. Shimpi [48]and Ray 

[49] first proposed the zero-order shear deformation theory (ZSDT). This theory accounts for 

shear effects without introducing shear correction factors, thus maintaining a minimum level of 

complexity to obtain the solution. 

The displacement field of the ZSDT theory is given by: 

{
 
 

 
 𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧 

𝜕𝑤0(𝑥, 𝑦)

𝜕𝑥
+
1

𝜆𝑥
[
3

2
 (
𝑧

ℎ
) − 2 (

𝑧

ℎ
)
3

] 𝑄𝑥

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) − 𝑧 
𝜕𝑤0(𝑥, 𝑦)

𝜕𝑦
+
1

𝜆𝑦
[
3

2
 (
𝑧

ℎ
) − 2 (

𝑧

ℎ
)
3

] 𝑄𝑦

𝑤(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦)

 

With: 

𝑄𝑥  𝑎𝑛𝑑 𝑄𝑦: are the resultants of transverse shear constraints. 

𝜆𝑥 𝑎𝑛𝑑 𝜆𝑦: Constants that can be determined by considering the definition of the 

resultants 𝑄𝑥  𝑎𝑛𝑑 𝑄𝑦. 

III.10. Zig-Zag Theory 

The first-order zig-zag theory was first developed by Di Sciuva [50]. In this model, the 

superposition of the global displacement field of a first-order theory (FSDT) and a zigzag 

function occurs. This zigzag function provides a continuous contribution of membrane 

displacements throughout the thickness, but its first derivative is discontinuous at the interface. 

Therefore, transverse deformations are discontinuous, and the continuity of transverse shear 

stresses at the interfaces is ensured. 

The main advantage of the zig-zag displacement field models lies in their accurate 

modelling of the distortion of the normal to the deformed surface, as well as in verifying 

continuity conditions, without increasing the number and order of the fundamental equations 

of first-order theory. The need for correction coefficients for transverse shear is avoided. 

Building upon Di Sciuva's concept [51], several authors have made significant improvements 

to the zig-zag model [52] and [53]. 
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Through our review of the literature on higher-order theories, it is evident that while they 

are indeed interesting in terms of precision, they remain time-consuming and quite complex in 

terms of formulation [18]. 

 

Figure III.6. The displacement field of the high-order zig-zag model. 

III.11. Conclusion 

In this chapter, we provided an overview of the various analytical models for calculating 

thin and thick plate’s behaviour. These plate theories allow us to model and analyse the 

behaviour of thin structures in various application domains, essential for ensuring the safety 

and performance of constructions. Classic, first-order, and higher-order theories have been 

compared to describe plate shear deformation, yet other approaches may yield acceptable 

results in certain cases. The choice of theory will depend on the specific material characteristics 

and studied phenomena, as well as trade-offs between simplicity, accuracy, and computational 

time. In the next chapter, we will delve into the use of a new refined higher-order theory for 

analysing bending of composite material plates. 
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IV.1. Introduction 

The mechanical behaviour of sandwich plates has been extensively investigated using 

various theories and methods, and for this particular study, a refined high-order shear function 

of four variables was employed. This advanced approach enhances our understanding of how 

sandwich plates behave under different conditions, providing valuable insights into their 

structural integrity and performance across various applications. 

To conduct the study on the mechanical bending behaviour of a simply supported 

sandwich plates made of composite materials, we utilized refined higher-order theory with four 

variables to formulate equilibrium equations, displacement fields, and analytical solutions. 

IV.2. Refined High Order theory with four variables 

In contrast to other theories, the number of unknown functions involved in the current 

theory of high-order shear deformation is only four(𝑢0, 𝑣0, 𝑤𝑏 𝑎𝑛𝑑 𝑤𝑠), compared to five 

(𝑢0, 𝑣0, 𝑤0, 𝜃𝑥 𝑎𝑛𝑑 𝜃𝑦) in other shear deformation theories. The presented theory does not 

require the introduction of corrective coefficients for calculating transverse shear stresses and 

accounts for their parabolic distribution across the plate thickness, satisfying boundary 

conditions on the upper and lower faces of the plate [18]. 

IV.3. Hypothesis of Refined High Order theory with four variables  

Let us consider a rectangular sandwich composite plate with length 〈𝑎〉, width 〈𝑏〉, and 

total thickness 〈ℎ〉, composed of 𝑛𝑝 orthotropic layers and a core, with the coordinate system. 

 

Figure IV.1. A sandwich composite plate with a coordinate system. 
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The present Refined High Order shear stress deformation theory is based on the following 

hypothesis: 

 The transverse deformation 𝜺𝒛 and the normal transverse stress 𝝈𝒛 are neglected. 

 The transverse displacement w consists of two components: bending 𝒘𝒃 and shear 𝒘𝒔. 

 𝑤(𝑥, 𝑦, 𝑧) = 𝑤𝑏(𝑥, 𝑦) + 𝑤𝑠(𝑥, 𝑦) (IV.1) 

 The displacements u in the x direction and v in the y direction are the components of 

extension, bending, and shear. 

 𝑢 = 𝑢0 + 𝑢𝑏 + 𝑢𝑠  

 𝑣 = 𝑣0 + 𝑣𝑏 + 𝑣𝑠 (IV.2) 

 The bending components are assumed similar to the displacements given by the 

Classical Laminate Plate Theory (CLPT). Therefore, the expression can be given as 

follows: 

 𝑢𝑏 = −𝑧
𝜕𝑤𝑏

𝜕𝑥
  

 𝑣𝑏 = −𝑧
𝜕𝑤𝑏

𝜕𝑦
 (IV.3) 

 The shear components us and vs, along with ws, produce a parabolic variation of shear 

strains 𝛾𝑥𝑧 and 𝛾𝑦𝑧, generating shear stresses 𝜎𝑥𝑧 and 𝜎𝑦𝑧 throughout the plate's 

thickness in a manner where these stresses become zero at both the upper and lower 

faces of the plate. Hence, the expressions can be stated as follows: 

 𝑢𝑏 = −𝑓(𝑧)
𝜕𝑤𝑠

𝜕𝑥
  

 𝑣𝑏 = −𝑓(𝑧)
𝜕𝑤𝑠

𝜕𝑦
 (IV.4) 

IV.4. Displacement field 

After using the Refined High Order Theory, we obtained the following field of 

displacement: 
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{
 

 𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧
𝜕𝑤𝑏

𝜕𝑥
− 𝑓

𝜕𝑤𝑠

𝜕𝑥

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) − 𝑧
𝜕𝑤𝑏

𝜕𝑦
− 𝑓

𝜕𝑤𝑠

𝜕𝑦

𝑤(𝑥, 𝑦, 𝑧) = 𝑤𝑏(𝑥, 𝑦) + 𝑤𝑠(𝑥, 𝑦)

 (IV.5) 

The proposed refined shear function for this study is [54]: 

 𝑓 =
((
ℎ

𝜋
)sinh(𝜋

𝑧

ℎ
)−𝑧)

(cosh(
𝜋

2
)−1)

 (IV.6) 

f: The shear function. 

 𝑔 = 1 −
𝑑(𝑓)

𝑑(𝑔)
 (IV.7) 

IV.5. Deformation field 

The strains associated with the displacement illustrated in the previous section are given 

according to [55]by: 

 𝜀𝑥 =
𝜕𝑢

𝜕𝑥
=

𝜕

𝜕𝑥
[𝑢0 − 𝑧

𝜕𝑤𝑏

𝜕𝑥
− 𝑓

𝜕𝑤𝑠

𝜕𝑥
] = 𝜀𝑥

0 + 𝑧𝑘𝑥
𝑏 + 𝑓𝑘𝑥

𝑠   

 𝜀𝑦 =
𝜕𝑣

𝜕𝑦
=

𝜕

𝜕𝑦
[𝑣0 − 𝑧

𝜕𝑤𝑏

𝜕𝑦
− 𝑓

𝜕𝑤𝑠

𝜕𝑦
] = 𝜀𝑦

0 + 𝑧𝑘𝑦
𝑏 + 𝑓𝑘𝑦

𝑠   

 𝛾𝑥𝑦 =
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
=

𝜕

𝜕𝑦
[𝑢0 − 𝑧

𝜕𝑤𝑏

𝜕𝑥
− 𝑓

𝜕𝑤𝑠

𝜕𝑥
] +

𝜕

𝜕𝑥
[𝑣0 − 𝑧

𝜕𝑤𝑏

𝜕𝑦
− 𝑓

𝜕𝑤𝑠

𝜕𝑦
] = 𝛾𝑥𝑦

0 + 𝑧𝑘𝑥𝑦
𝑏 + 𝑓𝑘𝑥𝑦

𝑠  

 𝛾𝑦𝑧 =
𝜕𝑣

𝜕𝑧
+
𝜕𝑤

𝜕𝑦
=

𝜕

𝜕𝑧
[𝑣0 − 𝑧

𝜕𝑤𝑏

𝜕𝑦
− 𝑓

𝜕𝑤𝑠

𝜕𝑦
] +

𝜕

𝜕𝑦
[𝑤𝑏 + 𝑤𝑠] = 𝑔𝛾𝑦𝑧

𝑠  (IV.8) 

 𝛾𝑥𝑧 =
𝜕𝑢

𝜕𝑧
+
𝜕𝑤

𝜕𝑥
=

𝜕

𝜕𝑧
[𝑢0 − 𝑧

𝜕𝑤𝑏

𝜕𝑥
− 𝑓

𝜕𝑤𝑠

𝜕𝑥
] +

𝜕

𝜕𝑥
[𝑤𝑏 + 𝑤𝑠] = 𝛾𝑥𝑧 = 𝑔𝛾𝑥𝑧

𝑠   

 𝜀𝑥 =
𝜕𝑤

𝜕𝑧
=

𝜕

𝜕𝑧
[𝑤𝑏 + 𝑤𝑠] = 0  

With: 

 𝜀𝑥
0 =

𝜕𝑢0

𝜕𝑥
, 𝑘𝑥
𝑏 = −

𝜕2𝑤𝑏

𝜕𝑥2
, 𝑘𝑥

𝑠 = −
𝜕2𝑤𝑠

𝜕𝑥2
  

 𝜀𝑦
0 =

𝜕𝑣0

𝜕𝑦
, 𝑘𝑦
𝑏 = −

𝜕2𝑤𝑏

𝜕𝑦2
, 𝑘𝑦

𝑠 = −
𝜕2𝑤𝑠

𝜕𝑦2
  (IV.9) 

 𝛾𝑥𝑦
0 =

𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥
, 𝑘𝑥𝑦
𝑏 = −2

𝜕2𝑤𝑏

𝜕𝑥𝜕𝑦
, 𝑘𝑥𝑦

𝑠 = −2
𝜕2𝑤𝑠

𝜕𝑥𝜕𝑦
   

 𝛾𝑦𝑧
𝑠 =

𝜕𝑤𝑠

𝜕𝑦
, 𝛾𝑥𝑧

𝑠 =
𝜕𝑤𝑠

𝜕𝑥
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IV.6. Constitutive equations 

Assuming that each layer possesses an elastic symmetry plane parallel to the (x, y) plane, 

we can express the constitutive equations for a layer in the following manner: 

 

{
 
 

 
 
𝜎𝑥
𝜎𝑦
𝜎𝑥𝑦
𝜏𝑦𝑧
𝜏𝑥𝑧}

 
 

 
 

=

[
 
 
 
 
𝑄11 𝑄12 0 0 0
𝑄12 𝑄22 0 0 0
0 0 𝑄66 0 0
0 0 0 𝑄44 0
0 0 0 0 𝑄55]

 
 
 
 

{
 
 

 
 
𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧}
 
 

 
 

 (IV.10) 

And 𝑄𝑖𝑗 are the rigidities of the considered layer. 

 𝑄11 =
𝐸1

1−𝜐12𝜐21
, 𝑄12 =

𝜐12𝐸2

1−𝜐12𝜐21
, 𝑄22 =

𝐸2

1−𝜐12𝜐21
 (IV.11) 

  𝑄66 = 𝐺12, 𝑄44 = 𝐺23, 𝑄55 = 𝐺13   

The formula provided describes the stress-strain connections within the coordinates of 

the kth layer of the plate. 

 

{
 
 

 
 
𝜎𝑥
𝜎𝑦
𝜎𝑥𝑦
𝜏𝑦𝑧
𝜏𝑥𝑧}

 
 

 
 
(𝑘)

=

[
 
 
 
 
 
𝑄̅11 𝑄̅12 𝑄̅16 0 0

𝑄̅12 𝑄̅22 𝑄̅26 0 0

𝑄̅16 𝑄̅26 𝑄̅66 0 0

0 0 0 𝑄̅44 𝑄̅44
0 0 0 𝑄̅45 𝑄̅55]

 
 
 
 
 
(𝑘)

{
 
 

 
 
𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧}
 
 

 
 
(𝑘)

 (IV.12) 

Where the rigidities 𝑄̅𝑖𝑗 are provided by: 

 𝑄̅11 = 𝑄11 cos
4 𝜃 + 𝑄22 sin

4 𝜃 + 2(𝑄12 + 2𝑄66) sin
2 𝜃 cos2 𝜃  

 𝑄̅12 = (𝑄11 + 𝑄22 − 4𝑄66) sin
2 𝜃 cos2 𝜃 + 𝑄12 (cos

4 𝜃 + sin4 𝜃)  

 𝑄̅16 = (𝑄11 − 𝑄12 − 2𝑄66) sin 𝜃 cos
3 𝜃 + (𝑄12 − 𝑄22 + 2𝑄66) cos 𝜃 sin

3 𝜃  

 𝑄̅22 = 𝑄11 sin
4 𝜃 + 2(𝑄12 + 2𝑄66) sin

2 𝜃 cos2 𝜃 + 𝑄22 cos
4 𝜃 (IV.13) 

 𝑄̅26 = (𝑄11 − 𝑄12 − 2𝑄66) cos 𝜃 sin
3 𝜃 + (𝑄12 − 𝑄22 + 2𝑄66) sin 𝜃 cos

3 𝜃  

 𝑄̅66 = [𝑄11 + 𝑄22 − 2(𝑄12 + 𝑄66)] cos
2 𝜃 sin2 𝜃 + 𝑄66(sin

4 𝜃 + cos4 𝜃)  

 𝑄̅44 = 𝑄44 cos
2 𝜃 + 𝑄55 sin

2 𝜃  

 𝑄̅45 = (𝑄55 − 𝑄44) sin 𝜃 cos 𝜃  

 𝑄̅55 = 𝑄55 cos
2 𝜃 + 𝑄44 sin

2 𝜃  
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IV.7. Governing equations 

The equilibrium equations are obtained by using the principle of virtual work [21]: 

 𝑈 + 𝑉 = 0 (IV.14) 

The plate’s deformation energy is expressed as follows: 

 𝑈 = ∫ (𝜎𝑥𝛿𝜀𝑥 + 𝜎𝑦𝛿𝜀𝑦 + 𝜎𝑥𝑦𝛿𝛾𝑥𝑦 + 𝜎𝑦𝑧𝛿𝛾𝑦𝑧 + 𝜎𝑥𝑧𝛿𝛾𝑥𝑧)𝑣
 (IV.15) 

𝑈 = ∫ (𝑁𝑥𝛿𝜀𝑥
0 + 𝑁𝑦𝛿𝜀𝑦

0 + 𝑁𝑥𝑦𝛿𝛾𝑥𝑦
0 +𝑀𝑥

𝑏
𝐴

𝛿𝑘𝑥
𝑏 +𝑀𝑦

𝑏𝛿𝑘𝑦
𝑏 +𝑀𝑥𝑦

𝑏 𝛿𝑘𝑥𝑦
𝑏 +𝑀𝑥

𝑠𝛿𝑘𝑥
𝑠 +𝑀𝑦

𝑠𝛿𝑘𝑦
𝑠 +

𝑀𝑥𝑦
𝑠 𝛿𝑘𝑥𝑦

𝑠 + 𝑄𝑦𝑧
𝑠 𝛿𝛾𝑦𝑧

𝑠 + 𝑄𝑥𝑧
𝑠 𝛿𝛾𝑥𝑧

𝑠 ) 𝑑𝑥 𝑑𝑦  (IV.16) 

We define normal forces and resultant moments as follows: 

 (𝑁𝑥, 𝑁𝑦, 𝑁𝑥𝑦) = ∫ (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦) 𝑑𝑧 =∑ ∫ (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦) 𝑑𝑧
𝑧𝑘+1
𝑧𝑘

𝑛𝑝
𝑘=1

ℎ
2⁄

−ℎ
2⁄

  

 (𝑀𝑥
𝑏 , 𝑀𝑦

𝑏 , 𝑀𝑥𝑦
𝑏 ) = ∫ (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦)𝑧 𝑑𝑧 =∑ ∫ (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦)𝑧 𝑑𝑧

𝑧𝑘+1
𝑧𝑘

𝑛𝑝
𝑘=1

ℎ
2⁄

−ℎ
2⁄

 (IV.17) 

 (𝑀𝑥
𝑠, 𝑀𝑦

𝑠 , 𝑀𝑥𝑦
𝑠 ) = ∫ (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦)𝑓 𝑑𝑧 =∑ ∫ (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦)𝑓 𝑑𝑧

𝑧𝑘+1
𝑧𝑘

𝑛𝑝
𝑘=1

ℎ
2⁄

−ℎ
2⁄

  

 (𝑄𝑥𝑧
𝑠 , 𝑄𝑦𝑧

𝑠 ) = ∫ (𝜏𝑥𝑧 , 𝜏𝑦𝑧)𝑔 𝑑𝑧 =∑ ∫ (𝜏𝑥𝑧 , 𝜏𝑦𝑧)𝑔 𝑑𝑧
𝑧𝑘+1
𝑧𝑘

𝑛𝑝
𝑘=1

ℎ
2⁄

−ℎ
2⁄

  

By inserting equation (IV.12) into (IV.17), and we integrate with respect to the thickness 

of the plate, we get the following moments and forces: 

 {
𝑁
𝑀𝑏

𝑀𝑠
} = [

𝐴 𝐵 𝐵𝑠

𝐵 𝐷 𝐷𝑠

𝐵𝑠 𝐷𝑠 𝐻𝑠
] {
𝜀
𝑘𝑏

𝑘𝑠
} , {

𝑄𝑦𝑧
𝑠

𝑄𝑥𝑧
𝑠 } = [

𝐴44
𝑠 𝐴45

𝑠

𝐴45
𝑠 𝐴55

𝑠 ] {
𝛾𝑦𝑧
𝑠

𝛾𝑥𝑧
𝑠 } (IV.18) 

 𝑁 = {𝑁𝑥, 𝑁𝑦, 𝑁𝑥𝑦}
𝑡
,𝑀𝑏 = {𝑀𝑥

𝑏 , 𝑀𝑦
𝑏 , 𝑀𝑥𝑦

𝑏 }
𝑡
, 𝑀𝑠 = {𝑀𝑥

𝑠 , 𝑀𝑦
𝑠 , 𝑀𝑥𝑦

𝑠 }
𝑡
 (IV.19) 

 𝜀 = {𝜀𝑥
0, 𝜀𝑦

0, 𝜀𝑥𝑦
0 }

𝑡
, 𝑘𝑏 = {𝑘𝑥

𝑏, 𝑘𝑦
𝑏 , 𝑘𝑥𝑦

𝑏 }
𝑡
, 𝑘𝑠 = {𝑘𝑥

𝑠 , 𝑘𝑦
𝑠 , 𝑘𝑥𝑦

𝑠 }
𝑡
 (IV.20) 

 𝐴 = [

𝐴11 𝐴12 𝐴16
𝐴12 𝐴22 𝐴26
𝐴16 𝐴26 𝐴66

] , 𝐵 = [
𝐵11 𝐵12 𝐵16
𝐵12 𝐵22 𝐵26
𝐵16 𝐵26 𝐵66

] , 𝐷 = [
𝐷11 𝐷12 𝐷16
𝐷12 𝐷22 𝐷26
𝐷16 𝐷26 𝐷66

]  

 𝐵𝑠 = [

𝐵11
𝑠 𝐵12

𝑠 𝐵16
𝑠

𝐵12
𝑠 𝐵22

𝑠 𝐵26
𝑠

𝐵16
𝑠 𝐵26

𝑠 𝐵66
𝑠
] , 𝐷𝑠 = [

𝐷11
𝑠 𝐷12

𝑠 𝐷16
𝑠

𝐷12
𝑠 𝐷22

𝑠 𝐷26
𝑠

𝐷16
𝑠 𝐷26

𝑠 𝐷66
𝑠
] , 𝐻𝑠 = [

𝐻11
𝑠 𝐻12

𝑠 𝐻16
𝑠

𝐻12
𝑠 𝐻22

𝑠 𝐻26
𝑠

𝐻16
𝑠 𝐻26

𝑠 𝐻66
𝑠
] (IV.21) 

The rigidity components are defined as follows: 
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(𝐴𝑖𝑗 , 𝐵𝑖𝑗, 𝐷𝑖𝑗 , 𝐵𝑖𝑗
𝑠 , 𝐷𝑖𝑗

𝑠 , 𝐻𝑖𝑗
𝑠 ) = ∑ ∫ 𝑄̅𝑖𝑗(1, 𝑧, 𝑧

2, 𝑓, 𝑓𝑧, 𝑓2) dz +
𝑧𝑘+1
𝑧𝑘

𝑛𝑝1
𝑘=1

∑ ∫ 𝑄𝑐𝑜𝑟𝑒(1, 𝑧, 𝑧
2, 𝑓, 𝑓𝑧, 𝑓2) 𝑑𝑧 + ∑ ∫ 𝑄̅𝑖𝑗(1, 𝑧, 𝑧

2, 𝑓, 𝑓𝑧, 𝑓2) 𝑑𝑧
𝑧𝑘+1
𝑧𝑘

𝑛𝑝3
𝑘=𝑛𝑝2

𝑧𝑘+1
𝑧𝑘

𝑛𝑝2
𝑘=𝑛𝑝1

 (IV.22) 

With (𝑖, 𝑗) = (1,2,6) 

𝐴𝑖𝑗
𝑠 = ∑ ∫ 𝑄̅𝑖𝑗[𝑔]

2 𝑑𝑧
𝑧𝑘+1
𝑧𝑘

𝑛𝑝1
𝑘=1 + ∑ ∫ 𝑄𝑐𝑜𝑟𝑒[𝑔]

2 𝑑𝑧
𝑧𝑘+1
𝑧𝑘

𝑛𝑝2
𝑘=𝑛𝑝1

+ ∑ ∫ 𝑄̅𝑖𝑗[𝑔]
2 𝑑𝑧

𝑧𝑘+1
𝑧𝑘

𝑛𝑝3
𝑘=𝑛𝑝2

 (IV.23) 

With (𝑖, 𝑗) = (4,5) 

The energy due to external charges given by: 

 𝑉 = ∫ q(𝑤𝑏 + 𝑤𝑠) 𝑑𝑥 𝑑𝑦𝐴
 (IV.24) 

With “q” is the applied transverse load. 

Considering the following coefficients (𝛿𝑢0, 𝛿𝑣0, 𝛿𝑤𝑏𝑎𝑛𝑑 𝛿𝑤𝑠) are zero, by inserting 

equation (IV.16 and IV.24) into (IV.14), and integrating by parts we obtained the following 

equilibrium equations: 

 𝛿𝑢0:
𝜕𝑁𝑥

𝜕𝑥
+
𝜕𝑁𝑥𝑦

𝜕𝑦
= 0  

 𝛿𝑣0:
𝜕𝑁𝑥𝑦

𝜕𝑥
+
𝜕𝑁𝑦

𝜕𝑦
= 0 (IV.25) 

 𝛿𝑤𝑏:
𝜕2𝑀𝑥

𝑏

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑏

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑏

𝜕𝑦2
+ 𝑞 = 0  

 𝛿𝑤𝑠:
𝜕2𝑀𝑥

𝑠

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑠

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑠

𝜕𝑦2
+
𝜕𝑄𝑥𝑧

𝑠

𝜕𝑥
+
𝜕𝑄𝑦𝑧

𝑠

𝜕𝑦
+ 𝑞 = 0  

The equations (IV.25) can be rewritten using the displacements (𝛿𝑢0, 𝛿𝑣0, 𝛿𝑤𝑏𝑎𝑛𝑑 𝛿𝑤𝑠) 

by substituting equation (IV.18) into equation (IV.25): 

𝐴11
𝜕2𝑢0
𝜕𝑥0

+ 2𝐴16
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+ 𝐴66
𝜕2𝑢0
𝜕𝑦2

+ 𝐴16
𝜕2𝑣0
𝜕𝑥2

+ (𝐴12 + 𝐴66)
𝜕2𝑣0
𝜕𝑥𝜕𝑦

 

 +𝐴26
𝜕2𝑣0

𝜕𝑦2
− 𝐵11

𝜕3𝑤𝑏

𝜕𝑥3
− 3𝐵16

𝜕3𝑤𝑏

𝜕𝑥2𝜕𝑦
− (𝐵12 + 2𝐵66)

𝜕3𝑤𝑏

𝜕𝑥𝜕𝑦2
− 𝐵26

𝜕3𝑤𝑏

𝜕𝑦3
 (V.26) 

−𝐵11
𝑠
𝜕3𝑤𝑠
𝜕𝑥3

− 3𝐵16
𝑠
𝜕3𝑤𝑠
𝜕𝑥2𝜕𝑦

− (𝐵12
𝑠 + 2𝐵66

𝑠 )
𝜕3𝑤𝑠
𝜕𝑥𝜕𝑦2

− 𝐵26
𝑠
𝜕3𝑤𝑠
𝜕𝑦3

= 0 

 

𝐴16
𝜕2𝑢0
𝜕𝑥2

+ (𝐴12 + 𝐴66)
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+ 𝐴26
𝜕2𝑢0
𝜕𝑦2

+ 𝐴66
𝜕2𝑣0
𝜕𝑥2

+ 2𝐴26
𝜕2𝑣0
𝜕𝑥𝜕𝑦
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 +𝐴22
𝜕2𝑣0

𝜕𝑦2
− 𝐵16

𝜕3𝑤𝑏

𝜕𝑥3
− (𝐵12 + 2𝐵66)

𝜕3𝑤𝑏

𝜕𝑥2𝜕𝑦
− 3𝐵26

𝜕3𝑤𝑏

𝜕𝑥𝜕𝑦2
− 𝐵22

𝜕3𝑤𝑏

𝜕𝑦3
 (V.27) 

−𝐵16
𝑠
𝜕3𝑤𝑏
𝜕𝑥3

− (𝐵12
𝑠 + 2𝐵66

𝑠 )
𝜕3𝑤𝑠
𝜕𝑥2𝜕𝑦

− 3𝐵26
𝑠
𝜕3𝑤𝑠
𝜕𝑦3

= 0 

 

𝐵11
𝜕3𝑢0
𝜕𝑥3

+ 3𝐵16
𝜕3𝑢0
𝜕𝑥2𝜕𝑦

+ (𝐵12 + 2𝐵66)
𝜕3𝑢0
𝜕𝑥𝜕𝑦2

+ 𝐵26
𝜕3𝑢0
𝜕𝑦3

+ 𝐵16
𝜕3𝑣0
𝜕𝑥3

 

 +(𝐵12 + 2𝐵66)
𝜕3𝑣0

𝜕𝑥2𝜕𝑦
+ 3𝐵26

𝜕3𝑣0

𝜕𝑥𝜕𝑦2
+ 𝐵22

𝜕3𝑣0

𝜕𝑦3
− 𝐷11

𝜕4𝑤𝑏

𝜕𝑥4
− 4𝐷16

𝜕4𝑤𝑏

𝜕𝑥3𝜕𝑦
 (V.28) 

−2(𝐷12 + 2𝐷66)
𝜕4𝑤𝑏
𝜕𝑥2𝜕𝑦2

− 4𝐷26
𝜕4𝑤𝑏
𝜕𝑥𝜕𝑦3

− 𝐷22
𝜕4𝑤𝑏
𝜕𝑦4

− 𝐷11
𝑠
𝜕4𝑤𝑠
𝜕𝑥4

 

−4𝐷16
𝑠
𝜕4𝑤𝑠
𝜕𝑥2𝜕𝑦

− 2(𝐷12
𝑠 + 2𝐷66

𝑠 )
𝜕4𝑤𝑠
𝜕𝑥2𝜕𝑦2

− 4𝐷26
𝑠
𝜕4𝑤𝑠
𝜕𝑥𝜕𝑦3

− 𝐷22
𝑠
𝜕4𝑤𝑠
𝜕𝑦4

+ 𝑞 = 0 

 

𝐵11
𝑠
𝜕3𝑢0
𝜕𝑥3

+ 3𝐵16
𝑠
𝜕3𝑢0
𝜕𝑥2𝜕𝑦

+ (𝐵12
𝑠 + 2𝐵66

𝑠 )
𝜕3𝑢0
𝜕𝑥𝜕𝑦2

+ 𝐵26
𝑠
𝜕3𝑢0
𝜕𝑦3

+ 𝐵16
𝑠
𝜕3𝑣0
𝜕𝑥3

 

+(𝐵12
𝑠 + 2𝐵66

𝑠 )
𝜕3𝑣0
𝜕𝑥2𝜕𝑦

+ 3𝐵26
𝑠
𝜕3𝑣0
𝜕𝑥𝜕𝑦2

+ 𝐵22
𝑠
𝜕3𝑣0
𝜕𝑦3

− 𝐷11
𝑠
𝜕4𝑤𝑏
𝜕𝑥4

− 4𝐷16
𝑠
𝜕4𝑤𝑏
𝜕𝑥3𝜕𝑦

 

 −2(𝐷12
𝑠 + 2𝐷66

𝑠 )
𝜕4𝑤𝑏

𝜕𝑥2𝜕𝑦2
− 4𝐷26

𝑠 𝜕4𝑤𝑏

𝜕𝑥𝜕𝑦3
− 𝐷22

𝑠 𝜕4𝑤𝑏

𝜕𝑦4
− 𝐻11

𝑠 𝜕4𝑤𝑠

𝜕𝑥2
 (V.29) 

−4𝐻16
𝑠
𝜕4𝑤𝑠
𝜕𝑥3𝜕𝑦

− 2(𝐻12
𝑠 + 2𝐻66

𝑠 )
𝜕4𝑤𝑠
𝜕𝑥2𝜕𝑦2

− 4𝐻26
𝑠
𝜕4𝑤𝑠
𝜕𝑥𝜕𝑦3

 

−𝐻22
𝑠
𝜕4𝑤𝑠
𝜕𝑦4

+ 𝐴55
𝑠
𝜕2𝑤𝑠
𝜕𝑥2

+ 𝐴44
𝑠
𝜕2𝑤𝑠
𝜕𝑦2

+ 2𝐴45
𝑠
𝜕2𝑤𝑠
𝜕𝑥𝜕

+ 𝑞 = 0 

IV.8. Navier solution for composite sandwich plates 

IV.8.1. Cross ply composite sandwich plates (0°/90°) 

The Navier solution for composite sandwich plates is an engineering method that employs 

Navier's equations to analyse how plates composed of various materials behave under stress. 

This approach enables the prediction of deformations and stresses based on material properties 

and loading conditions [56]. 

For antisymmetric cross-ply composite skins. The following rigidities of the plate are 

zero: 

 𝐴16 = 𝐴26 = 𝐷16 = 𝐷26 = 𝐷16
𝑠 = 𝐷26

𝑠 = 𝐻26
𝑠 = 0  
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  𝐵12 = 𝐵26 = 𝐵16 = 𝐵66 = 𝐵12
𝑠 = 𝐵26

𝑠 = 𝐵16
𝑠 = 𝐵66

𝑠 = 𝐴45
𝑠 = 0 (IV.30 

 𝐵22 = −𝐵11,𝐵22
𝑠 = −𝐵11

𝑠   

Where the boundary conditions can be written as follows: 

 𝑣(0, 𝑦) = 𝑤𝑏(0, 𝑦) = 𝑤𝑠(0, 𝑦) =
𝜕𝑤𝑏

𝜕𝑦
(0, 𝑦) =

𝜕𝑤𝑠

𝜕𝑦
(0, 𝑦) = 0  

 𝑣(𝑎, 𝑦) = 𝑤𝑏(𝑎, 𝑦) = 𝑤𝑠(𝑎, 𝑦) =
𝜕𝑤𝑏

𝜕𝑦
(𝑎, 𝑦) =

𝜕𝑤𝑠

𝜕𝑦
(𝑎, 𝑦) = 0  

 𝑁𝑥(0, 𝑦) = 𝑀𝑥
𝑏(0, 𝑦) = 𝑀𝑥

𝑠(0, 𝑦) = 𝑁𝑥(𝑎, 𝑦) = 𝑀𝑥
𝑏(𝑎, 𝑦) = 𝑀𝑥

𝑠(𝑎, 𝑦) = 0 (IV.31) 

 𝑢(𝑥, 0) = 𝑤𝑏(𝑥, 0) = 𝑤𝑠(𝑥, 0) =
𝜕𝑤𝑏

𝜕𝑥
(𝑥, 0) =

𝜕𝑤𝑠

𝜕𝑥
(𝑥, 0) = 0  

 𝑢(𝑥, 𝑏) = 𝑤𝑏(𝑥, 𝑏) = 𝑤𝑠(𝑥, 𝑏) =
𝜕𝑤𝑏

𝜕𝑥
(𝑥, 𝑏) =

𝜕𝑤𝑠

𝜕𝑥
(𝑥, 𝑏) = 0  

 𝑁𝑦(𝑥, 0) = 𝑀𝑦
𝑏(𝑥, 0) = 𝑀𝑦

𝑠(𝑥, 0) = 𝑁𝑦(𝑥, 𝑏) = 𝑀𝑦
𝑏(𝑥, 𝑏) = 𝑀𝑦

𝑠(𝑥, 𝑏) = 0  

The boundary conditions in equation (IV.31) are met by the following expressions: 

 𝑢0(𝑥, 𝑦) = ∑ ∑   𝑈𝑚𝑛 cos(𝛼 𝑥) sin(𝛽 𝑦)
∞
𝑛=1

∞
𝑚=1   

 𝑣0(𝑥, 𝑦) = ∑ ∑   𝑉𝑚𝑛 sin(𝛼 𝑥)
∞
𝑛=1

∞
𝑚=1 cos(𝛽 𝑦) (IV.32) 

 𝑤𝑏(𝑥, 𝑦) = ∑ ∑     𝑊𝑏𝑚𝑛 sin(𝛼 𝑥)
∞
𝑛=1

∞
𝑚=1 sin(𝛽 𝑦)  

 𝑤𝑠(𝑥, 𝑦) = ∑ ∑     𝑊𝑠𝑚𝑛 sin(𝛼 𝑥)
∞
𝑛=1

∞
𝑚=1 sin(𝛽 𝑦)  

Where: 𝑈𝑚𝑛,, 𝑉𝑚𝑛,𝑊𝑏𝑚𝑛,𝑊𝑠𝑚𝑛 , are arbitrary parameters to be determined.  

α =
mπ

a
 and β =

nπ

b
 

To determine Navier’s solution, we obtained the following equation by inserting equation 

(IV.22 and IV.24) into (IV.21): 

 [

𝑆11 𝑆12 𝑆13 𝑆14
𝑆12 𝑆22 𝑆23 𝑆24
𝑆13 𝑆23 𝑆33 𝑆34
𝑆14 𝑆24 𝑆34 𝑆44

] {

𝑈𝑚𝑛
𝑉𝑚𝑛
𝑊𝑏𝑚𝑛

𝑊𝑠𝑚𝑛

} = {

0
0
q
q

} (IV.33) 

  

 𝑆11 = 𝐴11𝛼
2 + 𝐴66𝛽

2, 𝑆12 = 𝛼𝛽(𝐴12 + 𝐴66), 𝑆13 = −𝐵11𝛼
3, 𝑆14 = −𝐵11

𝑠 𝛼3 (IV.34) 

 𝑆22 = 𝐴66𝛼
2 + 𝐴22𝛽

2, 𝑆23 = 𝐵11𝛽
3, 𝑆24 = 𝐵11

𝑠 𝛽3   (IV.35) 

 𝑆33 = 𝐷11𝛼
4 + 2(𝐷12 + 2𝐷66)𝛼

2𝛽2 + 𝐷22𝛽
4 (IV.36) 

 𝑆34 = 𝐷11
𝑠 𝛼4 + 2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝛼2𝛽2 + 𝐷22

𝑠 𝛽4 (IV.37) 
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 𝑆44 = 𝐻11
𝑠 𝛼4 + 2(𝐻12

𝑠 + 2𝐻66
𝑠 )𝛼2𝛽2 + 𝐻22

𝑠 𝛽4 + 𝐴55
𝑠 𝛼2 + 𝐴44

𝑠 𝛽2 (IV.38) 

IV.8.2. Angle ply composite sandwich plates (θ°/-θ°) 

For antisymmetric angle-ply sandwiches with composite skins. The following rigidities 

of the plate are equal to zero: 

 𝐴16 = 𝐴26 = 𝐷16 = 𝐷26 = 𝐷16
𝑠 = 𝐷26

𝑠 = 𝐻16
𝑠 = 𝐻26

𝑠 = 0  

 𝐵11 = 𝐵12 = 𝐵22 = 𝐵66 = 𝐵11
𝑆 = 𝐵22

𝑠 = 𝐵66
𝑠 = 𝐴45

𝑠  (IV.39) 

Where the boundary conditions can be written as follows: 

 𝑢(0, 𝑦) = 𝑤𝑏(0, 𝑦) = 𝑤𝑠(0, 𝑦) =
𝜕𝑤𝑏

𝜕𝑦
(0, 𝑦) =

𝜕𝑤𝑠

𝜕𝑦
(0, 𝑦) = 0  

 𝑢(𝑎, 𝑦)𝑤𝑏(𝑎, 𝑦) = 𝑤𝑠(𝑎, 𝑦) =
𝜕𝑤𝑏

𝜕𝑦
(𝑎, 𝑦) =

𝜕𝑤𝑠

𝜕𝑦
(𝑎, 𝑦) = 0  

 𝑁𝑥𝑦(0, 𝑦) = 𝑀𝑥
𝑏(0, 𝑦) = 𝑀𝑥

𝑠(0, 𝑦) = 𝑁𝑥𝑦(𝑎, 𝑦) = 𝑀𝑥
𝑏(𝑎, 𝑦) = 𝑀𝑥

𝑠(𝑎, 𝑦) = 0 (IV.40) 

 𝑣(𝑥, 0) = 𝑤𝑏(𝑥, 0) = 𝑤𝑠(𝑥, 0) =
𝜕𝑤𝑏

𝜕𝑥
(𝑥, 0) =

𝜕𝑤𝑠

𝜕𝑥
(𝑥, 0) = 0  

 𝑣(𝑥, 𝑏) = 𝑤𝑏(𝑥, 𝑏) = 𝑤𝑠(𝑥, 𝑏) =
𝜕𝑤𝑏

𝜕𝑥
(𝑥, 𝑏) =

𝜕𝑤𝑠

𝜕𝑥
(𝑥, 𝑏) = 0  

 𝑁𝑥𝑦(𝑥, 0) = 𝑀𝑦
𝑏(𝑥, 0) = 𝑀𝑦

𝑠(𝑥, 0) = 𝑁𝑥𝑦(𝑥, 𝑏) = 𝑀𝑦
𝑏(𝑥, 𝑏) = 𝑀𝑦

𝑠(𝑥, 𝑏) = 0  

The boundary conditions in equation (IV.40) are met by the following expressions: 

 𝑢0(𝑥, 𝑦) = ∑ ∑     𝑈𝑚𝑛 sin(𝛼 𝑥) cos(𝛽 𝑦)
∞
𝑛=1

∞
𝑚=1   

 𝑣0(𝑥, 𝑦) = ∑ ∑      𝑉𝑚𝑛 cos(𝛼 𝑥)
∞
𝑛=1

∞
𝑚=1 sin(𝛽 𝑦)  

 𝑤𝑏(𝑥, 𝑦) = ∑ ∑     𝑊𝑏𝑚𝑛 sin(𝛼 𝑥) sin(𝛽 𝑦)
∞
𝑛=1

∞
𝑚=1  (IV.41) 

 𝑤𝑠(𝑥, 𝑦) = ∑ ∑        𝑊𝑠𝑚𝑛 sin(𝛼 𝑥)
∞
𝑛=1

∞
𝑚=1 sin(𝛽 𝑦)  

By substituting equations (IV.39 and IV.41) into equations (IV.26 and IV.29), equation 

(IV.33) can be solved using the following coefficients: 

𝑆11 = 𝐴11𝛼
2 + 𝐴𝟔𝟔𝛽

2, 𝑆12 = 𝛼𝛽(𝐴12 + 𝐴66), 𝑆13 = −(3𝐵16𝛼
2𝛽 + 𝐵26𝛽

3) (IV.42) 

 𝑆14 = −(3𝐵16
𝑠 𝛼2𝛽 + 𝐵26

𝑠 𝛽2), 𝑆22 = 𝐴66𝛼
2 + 𝐴22𝛽

2, 𝑆23 = −(𝐵16𝛼
3 + 3𝐵26𝛼𝛽

2 (IV.43) 

 𝑆24 = −(𝐵16
𝑠 𝛼3 + 3𝐵26

𝑠 𝛼𝛽2),𝑆33 = 𝐷11𝛼
4 + 2(𝐷12 + 2𝐷66)𝛼

2𝛽2 +𝐷22𝛽
4 (IV.44) 

𝑆34 = 𝐷11
𝑠 𝛼4 + 2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝛼2𝛽2 + 𝐷22

𝑠 𝛽4  (IV.45) 

𝑆44 = 𝐻11
𝑠 𝛼4 + 2(𝐻12

𝑠 + 2𝐻66
𝑠 )𝛼2𝛽2 + 𝐻22

𝑠 𝛽4 + 𝐴55
𝑠 𝛼2 + 𝐴44

𝑠 𝛽2 (IV.46) 
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IV.9. Conclusion 

This chapter presented a bending study of sandwich composite plates with the use of 

refined high order deformation and shear theory with four variables; we utilized a hyperbolic 

refined shear function. In order to derive the equilibrium equations, we applied the virtual 

work’s principle, and the Navier solution provided analytical solutions to bending problem of 

angle-ply and cross-ply sandwich composite plates. 
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V.1. Introduction 

A computational program was developed, utilizing the refined high-order theory with four 

variables and a hyperbolic shear function, to conduct a comparative study in order to validate 

the present high order theory with four variables, also a parametric analysis to identify the 

various factors influencing the stability against mechanical bending of simply supported 

composite sandwich plates.  

The results, including deflection, normal stress, and tangential stress, are clearly 

presented using tables and graphs for better understanding. 

V.2. Properties of the sandwich composite plate 

For this study, we considered a sandwich composite plate, which consists of two skins 

made of laminated composite material with the following properties: E1skin=25*E2 skin; E2skin =1; 

G12 skin =0.5*E2 skin; G13 skin =0.5*E2 skin; G23 skin =0.2*E2 skin; ʋ12 skin =0.25;  

The core in the middle is made of metal foam, which is generally highly thicker than the 

skins and has the following properties: E1core:=0.003; E2core=E1core; E3core=0.0028; G12core=0.001; 

G13core= G12core; G23core= G12core; ʋ12core=0.25; ʋ13core=0.25; ʋ23core=0.25 [57].  

Unless mentioned otherwise, we adopt the following parameters: the core’s thickness is 

equal to ten times the skin thickness (hcore=10hskin). 

V.3. Validation 

This part involves validation and comparing the results obtained using the present refined 

high-order theory including four variables with other theories.  

Table V.1. Variation of the dimensionless deformation 𝑤̅ of square and rectangular laminated 

angle-ply composite plates (45/-45). 

a/h Theory 
𝑊̅ 

Square plate (a=b) Rectangular plate (b=3a) 

4 

Ren(Ren,1990) 1.4471 3.9653 

Reddy(Reddy,1984) 1.0203 3.1560 

Present 1.0343 3.1181 

10 

Ren(Ren,1990) 0.6427 2.3953 

Reddy(Reddy,1984) 0.5581 2.2439 

Present 0.5600 2.2355 

100 

Ren(Ren,1990) 0.4685 2.0686 

Reddy(Reddy,1984) 0.4676 2.0671 

Present 0.4677 2.0670 
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Table V.1 illustrate the variation of the dimensionless deflection 𝑤̅ of a laminated 

composite plate (45°/-45°), depending on the aspect ratio (a/b) and the side to thickness ratio 

(a/h). 

After comparison between the present refined high order theory and the other higher order 

theories from the literature [58] and [59]we acquired a nearly identical results. This observation 

confirms the assumptions made in the previous chapter, and indicates that the present refined 

high order theory can produce good results in terms of laminated plate’s deformation. 

Table V.2. Variation of the dimensionless deformation 𝑤̅ of square and rectangular laminated 

cross-ply composite plates (0°/90°).  

a/h Theory 𝑤̅ 𝜎𝑥𝑥 𝜎𝑦𝑦 𝜏𝑥̅𝑦 

2 

Pagano  (Pagano,1970) 4.9362 -0.9070 1.4480 -0.0964 

Reddy   (Reddy,1948) 4.5619 -1.4277 1.4277 -0.0719 

Present 4.6563 -1.4064 1.4064 -0.0718 

5 

Pagano  (Pagano,1970) 1.7287 -0.7723 0.8036 -0.0586 

Reddy   (Reddy,1948) 1.6670 -0.8385 0.8358 -0.0558 

Present 1.6761 -0.8335 0.8335 -0.0558 

10 

Pagano  (Pagano,1970) 1.2318 -0.7317 0.7353 -0.0540 

Reddy   (Reddy,1948) 1.2161 -0.7468 0.7468 -0.0533 

Present 1.2181 -0.7455 0.7455 -0.0533 

20 

Pagano  (Pagano,1970) 1.1060 -0.7200 0.7206 -0.0529 

Reddy   (Reddy,1948) 1.1018 -0.7235 0.7235 -0.0527 

Present 1.1023 -0.7232 0.7232 -0.0527 

100 

Pagano  (Pagano,1970) 1.0742 -0.7219 0.7219 -0.0529 

Reddy   (Reddy,1948) 1.0651 -0.7161 0.7161 -0.0525 

Present 1.0651 -0.7160 0.7160 -0.0525 

Table V.2 presents the variation of the dimensionless deflection 𝑤̅, normal and shear 

stresses(σ̅𝑥𝑥, σ̅𝑦𝑦, τ̅𝑥𝑦) of a cross-ply square laminated composite plate (0°/90°) as a function 

of the side to thickness ratio a/h.  

Following the application of the current refined high order theory to study the behaviour 

of laminated composite plate, we obtained results to be compared with those obtained by 

applying other higher order theories ( [60], [46]). We can say that the results are very close and 

equivalent, with no significant differences to be considered. 

From the previous tables and by conducting the present study based on the refined high-

order theory with four variables and comparing it with other high-order theories that include 

five variables or more ( [58], [60] and [46]), we found that the results obtained are nearly 

identical to those found by the other higher order theories issued from the literature. Therefore, 
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we conclude that the proposed present refined high-order theory is validated and suitable for 

studying the mechanical behaviour of antisymmetric laminated sandwich composite plates. 

V.4. Parametric study 

After validation of present refined high-order theory, we conducted a parametric study to 

determine the different factors that influence the bending behaviour of laminated sandwich 

composite plates, where the obtained results are shown in the following tables and figures. 

Table V.3. Effect of fibre’s orientation and geometrical parameters (a/b and a/h) on the 

variation of the dimensionless deflection 𝑤̅ of a square sandwich composite plate. 

Fibre’s orientation a/h 
a/b 

0.5 1 1.5 2 3 

(0/90)1/Core/(0/90)1 

5 59.3838 36.6754 21.8988 13.7393 6.2911 

10 16.5573 10.0954 5.9027 3.7115 1.7794 

20 5.6689 3.3025 1.7460 1.0348 0.4784 

100 2.1690 1.1159 0.4020 0.1629 0.0451 

(15/-15)1 /Core/ (15/-15)1 

5 48.8760 35.9171 24.8868 17.3151 9.0604 

10 13.4107 9.8767 6.8336 4.7463 2.4974 

20 4.2549 3.1230 2.1333 1.4533 0.7344 

100 1.2997 0.9404 0.6127 0.3862 0.1590 

(30/-30)1 /Core/ (30/-30)1 

5 52.8918 35.8429 23.2709 15.4846 7.7189 

10 14.4564 9.6750 6.2630 4.1834 2.1267 

20 4.6255 2.9092 1.8154 1.1856 0.5872 

100 1.4604 0.7245 0.3748 0.2107 0.0814 

(45/-45)1 /Core/ (45/-45)1 

5 58.9374 35.7187 21.4454 13.5934 6.4067 

10 16.2429 9.6008 5.7624 3.6836 1.7928 

20 5.3628 2.8377 1.6267 1.0152 0.4838 

100 1.8633 0.6530 0.2841 0.1438 0.0499 
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Figure V.1. The effect of aspect ratio (a/b) and the side to thickness ratio (a/h) on the 

variation of the dimensionless deflection 𝑤̅ of square sandwich composite plate 

(0°/90°)/core/(0°/90°). 
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Figure V.2. The effect of fibre’s orientation versus side to thickness ratio (a/h) on the 

variation of the dimensionless deflection 𝑤̅ of square sandwich composite plate. 
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Figure V.3. The effect of fibre’s orientation versus aspect ratio (a/b) on the variation of the 

dimensionless deflection 𝑤̅ of square sandwich composite plate. 

Table (V.3) as well as the figures (V.1-V.3) show the influence of fibre’s orientation on 

the variation of the dimensionless deflection of a simply supported laminated sandwich 

composite plate. These results present a comparison of different geometries of the plate, 

including thin or thick plates (the side to thickness ratio a/h), and short or slender plates (the 

aspect ratio a/b). 

Based on the data from the previous table, we can say that the values of the dimensionless 

deflection obtained 𝑤̅ are inversely proportional to the geometry of the laminated sandwich 

composite plates. In other words, the deflection decreases as the side-to-thickness ratio (a/h) 

and aspect ratio increase, with maximum deflection observed for short and thick plates and 

minimum deflection for slender and thin plates. 

In order to study of the fibre’s orientation effect on the deflection variation, we consider 

two cases according to the aspect ratio (a/b) as follow: 

 For a/b ≤1, the deflection is maximal for the fibre’s orientation angles (45/-45) and 

(0/90) and minimal for the fibre’s orientation angles (15/-15) and (30/-30) 

 For a/b >1, the deflection is maximal for the fibre’s orientation angles (15/-15) and (30/-

30) and minimal for the fibre’s orientation angles (45/-45) and (0/90) 
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 From this, we can say that the choice of fibre’s orientation depends primarily on the 

geometry of the plate, which plays a crucial role in plat’s resistance to applied loads. 

Table V.4. Effect of stacking sequence on the variation of the dimensionless deflection 𝑤̅ of a 

square cross-ply sandwich composite plate (0°/90°). 

Sandwich configuration 
a/h 

5 10 20 50 100 

(0/90)1/Core/(0/90)1 36.6753 10.0954 3.3024 1.3896 1.1159 

(0/90)2 /Core/ (0/90)2 35.7722 10.0224 3.2935 1.3875 1.1145 

(0/90)4 /Core/ (0/90)4 35.5519 10.0041 3.2913 1.3871 1.1141 

(0/90)8 /Core/ (0/90)8 35.4971 9.9996 3.2907 1.3870 1.1141 

Table V.5. Effect of stacking sequence on the variation of the dimensionless deflection 𝑤̅ of a 

square angle-ply sandwich composite plate (45°/-45°). 

Sandwich configuration 
a/h 

5 10 20 50 100 

(45/-45)1 /Core/ (45/-45)1 35.7187 9.6008 2.8377 0.9266 0.6530 

(45/-45)2 /Core/ (45/-45)2 34.0880 9.4755 2.8256 0.9250 0.6520 

(45/-45)4 /Core/ (45/-45)4 33.7007 9.4445 2.8226 0.9246 0.6518 

(45/-45)8 /Core/ (45/-45)8 33.6051 9.4367 2.8218 0.9245 0.6518 

Tables (V.4 and V.5) represent the variation of dimensionless deflection 𝑤̅ according to 

the stacking effect and the side to thickness ratio (a/h). We observe a decrease in the 

dimensionless deflection from its highest value to its lowest. This diminution is attributed to 

the change in number of layers and the side to thickness ratio (a/h) as well, In other words, the 

higher we increase the number of layers, the lower the deflection will be, and vice versa. This 

enables us to achieve better resistance against additional mechanical loads. 

  The choice of the number of layers included in the cross ply and/or angle ply laminated 

sandwich composite plate play an important role in the resistance of the plate and contribute in 

reducing the impact of applied loads on the considered pate’s bending behaviour. 
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Figure V.4. The effect of the side to thickness ratio (a/h) and the ratio (x/a) on the variation of 

the dimensionless deflection 𝑤̅ of square angle-ply sandwich composite plate. 
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Figure V.5. The effect of the side to thickness ratio (a/h) and the ratio (x/a) on the variation of 

the dimensionless deflection 𝑤̅ of square cross-ply sandwich composite plate. 
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Figure V.6. The effect of aspect ratio (a/b) and the ratio (x/a) on the variation of the 

dimensionless deflection 𝑤̅ of square angle-ply sandwich composite plate. 
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Figure V.7. The effect of aspect ratio (a/b) and the ratio (x/a) on the variation of the 

dimensionless deflection 𝑤̅ of square cross-ply sandwich composite plate. 

The figures (V.4-V.7) shows the pattern of variation dimensionless deflection 𝑤̅ of square 

laminated composite sandwich plate in terms of aspect ratio (a/b), side to thickness ratio (a/h) 

and the position alongside the x-axis (x/a). We notice an increase of deflection starting from 

the left side of the plate (x=0) moving towards the centre of the plate, where it reaches its 
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maximum value (at x=a/2), from this point this displacement decreases until reaching the value 

zero at the right edge (x=a). This variation is due to the fact that the boundary conditions are 

symmetrical and the plate is simply supported. 

The aspect ratio (a/b) significantly influences the variation of dimensionless deflection in 

square laminate sandwich composite plates. 

A higher aspect ratio (length compared to its width) implies a longer (slender) plate, 

which influence the deflection pattern. This is due to the boundary conditions imposed by 

Navier, this means that with a higher aspect ratio, the perpendicular blocked edge becomes 

longer leading to a minimal deflection of the central region of the plate. Conversely, with a 

lower aspect ratio, the perpendicular blocked edge becomes shorter exhibiting a maximal 

deflection of the central region of the plate, as it is more prone to bending. 

For a greater value of the side to thickness ratio (thin plate), we notice a decrease in the 

maximal central deflection and vice versa, this is caused by the effect of geometrical variation 

condensation of fibres in the skins of the sandwich plate. 

Moreover, understanding the interplay between aspect ratio and the imposed boundary 

conditions is crucial for predicting the deflection behaviour of laminated sandwich composite 

plates accurately. 

Finally, by considering these factors, engineers can optimize the design of sandwich 

composite plates to meet specific performance requirements and ensure structural integrity 

under various loadings and boundary conditions. 
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Figure V.8. The variation of the shear stress 𝜏𝑥̅𝑧  across the sandwich composite plate’s 

thickness (z/h)  
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Figure V.9. The variation of the shear stress 𝜏𝑥̅𝑧  across the sandwich composite plate’s 

thickness (z/h)  
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Figure V.10. The variation of the shear stress 𝜏𝑦̅𝑧 across the sandwich composite plate’s 

thickness (z/h)  
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Figure V.11. The variation of the shear stress 𝜏𝑦̅𝑧 across the sandwich composite plate’s 

thickness (z/h) 

The figures (V.8-V.9) illustrate the variation of shear stresses 𝜏𝑥̅𝑧 𝑎𝑛𝑑 𝜏𝑦̅𝑧 across the 

thickness. Ranging from (z=-h/2) to (z=h/2), we observed a parabolic distribution of shear 

stresses, which becomes zero at the top and bottom edges. The graphs of shear stress as a 

function of (z/h) exhibit a parabolic distribution, meaning that the shear stresses vary relatively 

to the position along the thickness of the plate (z/h) in a parabolic form. The distribution is a 

symmetric parabola centred on the neutral axis, which indicates that the shear stress is 

maximum at the centre of the section (z=0) and decreases as (z) approaches the edges of the 

section, where the shear stresses are zero. This is due to the accuracy of the proposed refined 

shear stress deformation theory, where we confirm the assumptions cited earlier of the parabolic 

distribution of shear stress across the thickness and the nullity of these shear stresses at plate’s 

lower and upper edges. 

Hence, we can say that the present refined high order theory used in this study achieves 

its purpose for different values of the aspect ratio (a/b) and is beneficial and valid for square 

and rectangular sandwich composite plates. Additionally, this theory aligns with the previously 

established hypotheses. Based on the assumptions of the composite sandwich plate theory, we 

neglected the shear stresses in the skins because they are relatively insignificant compared to 

the core, additionally, the thickness of the skin is much smaller compared to the thickness of 

the core and the total thickness (h skin= 0.0833*h total) and (h core = 10*h skin). 
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V.5. Conclusion 

In conclusion, in this work we conducted a detailed study on the bending behaviour of 

sandwich composite plates using a refined high-order shear deformation theory. The validation 

process included detailed tables and graphs illustrating the variation of deflection and stresses. 

The results demonstrated that the refined high order theory is effective for studying the 

behaviour of sandwich composite plates with different geometries. Afterwards, a parametric 

study is conducted to explore the influence of various parameters on the behaviour of sandwich 

composite plates. 

This research confirms the theory's robustness and applicability in accurately predicting 

the mechanical behaviour of such complex sandwich composite structures. 
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General conclusion and perspectives 

The primary objective of this research was to develop an advanced refined theory of shear 

and deformation that incorporates the effects of transverse shear in order to evaluate the 

mechanical behaviour of sandwich composite plates. 

Our theory is distinguished by its ability to coherently and rigorously integrate the 

equilibrium and deformation equations. Specifically, we have demonstrated that stresses vary 

parabolically according to the plate’s thickness. These results confirm that the shear stresses 

satisfy two essential conditions: a parabolic variation and zero values at the edges, which are 

crucial for accurate and reliable modelling of composite sandwich plates. 

A comprehensive comparative study was conducted by comparing the obtained results 

with those existing in the literature. The results show remarkable agreement, thereby validating 

the robustness and accuracy of the present theory. This validation against existing data 

strengthens the credibility of the proposed approach. 

In the same context, a parametric study was carried out to examine the influence of the 

fibre’s orientation, the stacking effect, the aspect ratio (a/b) and the side to thickness ratio (a/h). 

Based on the previous study, we can recapitulate the findings of this research into the 

following pinpoints: 

 The present high order theory with four variables is capable of producing results 

identical to other high order theories for all types of sandwich composite plates, both 

thin and thick. 

 The present high order theory met the two primary conditions: a parabolic variation of 

shear stresses and zero shear stress at the boundaries. 

 The choice of fibre’s orientation depends primarily on the geometry of the plate, which 

plays a crucial role in plate’s resistance to applied loads. 

 The number of layers plays a crucial role in determining the resistance of a sandwich 

composite plate. 

To conclude we can say that the present refined high-order shear deformation theory 

discussed in this research is valid and suitable for studying the mechanical behaviour of 

composite sandwich plates and it represents a significant advancement in the field, offering 

diverse prospects for future research and industrial applications. 
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The prospects for this research are numerous and promising.  

Firstly, the theory developed here could be expanded to include thermal and dynamic 

effects, enabling the analysis of composite sandwich plate behaviour under varied loading and 

environmental conditions. Such an extension would be particularly valuable in fields like 

aerospace, where composite materials often experience significant thermal loads. 

Moreover, applying this theory to other types of composite structures, such as beams and 

shells, could offer new perspectives and solutions for designing and optimizing these systems. 

It would also be worthwhile to develop numerical methods based on this theory to facilitate its 

application in complex and large-scale analyses. 

Lastly, experimental studies aimed at further validating the theoretical predictions under 

real-world conditions could be pursued. These experimental validations would not only 

enhance confidence in our theory but also refine models to be even more precise and robust. 
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Abstract 

Sandwich materials play a vital role in many industries due to their unique combination of lightness and robustness. 

They offer excellent mechanical strength while reducing structural weight, which is particularly advantageous for aerospace, 

automotive, and building. Their use also improves energy efficiency and reduces production costs. Additionally, these materials 

provide good thermal and acoustic insulation properties. In the field of civil engineering, sandwich materials are increasingly 

used for constructing bridges and buildings, as they enable the creation of lighter structures that are more resistant to 

environmental stresses and dynamic loads.  

Building on the significance of sandwich materials, the work focuses on studying the mechanical behaviour of 

antisymmetric composite sandwich plates. The study is conducted using a new refined high-order shear deformation theory 

with four variables under mechanical loading. 

This novel approach offers several significant features: it incorporates shear effects in deformation calculations without 

the need for shear correction factors. Shear stresses vary parabolically through the sandwich plate’s thickness. Additionally, 

the theory satisfies the nullity condition of these shear stresses at the upper and lower surfaces of the sandwich composite plate. 

Numerical results obtained from this refined high-order theory are compared with those from other well-known high-order 

theories.  

In conclusion, this present refined high-order shear deformation theory is precise, validated, and recognized as effective 

for studying the mechanical behaviour of composite sandwich plates. 

Keywords: composite materials, sandwich plate, bending, refined high order plate’s theory, transverse shear. 

 ملخص

فيدًا بشكل ازة مع تقليل الوزن الهيكلي، مما يُعد متلعب المواد السندويتش دورًا أساسيًا في العديد من الصناعات بفضل مزيجها الفريد من الخفة والمتانة. فهي توفر مقاومة ميكانيكية ممت

 .يدةجبناء. كما أن استخدامها يحسن من كفاءة الطاقة ويقلل من تكاليف الإنتاج. بالإضافة إلى ذلك، توفر هذه المواد خصائص عزل حراري وصوتي الالطيران والسيارات و  خاص في صناعات

مكن من 
ُ
ستخدم المواد المركبة بشكل متزايد في بناء الجسور والمباني، لأنها ت

ُ
 وأكثر مقاومة للإجهادات البيئية والأحمال الديناميكيةفي مجال الهندسة المدنية، ت

ً
 .إنشاء هياكل أخف وزنا

ررة لتشوه إجراء الدراسة باستخدام نظرية جديدة ومكاستنادًا إلى أهمية المواد السندويتش، يركز هذا العمل على دراسة السلوك الميكانيكي للألواح السندويتش المركبة غير المتماثلة. يتم 

 .من الدرجة العالية بأربع متغيرات تحت التحميل الميكانيكيرض ي العالقص 

ح السندويتش: فهي تدمج تأثيرات القص في حسابات التشوه دون الحاجة إلى عوامل تصحيح القص. تتغير إجهادات الو أ في دراسة سلوك تقدم هذه المقاربة المبتكرة العديد من الميزات الهامة

شرط انعدام هذه الإجهادات القصية عند السطحيْن العلوي والسفلي للوح السندويتش  النظريةهذه اللوح السندويتش. بالإضافة إلى ذلك، يتوفر في  عبر سمك مكافئ القص بشكل قطع

قارن النتائج العددية التي تم الحصول عليها من هذه النظرية المكررة ذات الدرجة العالية مع نتائج أخرى مستمدة من نظريات
ُ
 .عروفةالمعالية الدرجة  المركب. ت

 .، كما تعتبر فعالة لدراسة السلوك الميكانيكي لألواح السندويتش المركبةعليها داعتميمكن ال  النظرية المكررة لتشوه القص من الدرجة العالية دقيقة، و أن هذهوعليه يمكننا القول 

 الألواح المكررة ذات الدرجة العالية؛ القص العرض ي.نظرية المواد المركبة؛ لوحة سندوتش؛ النحناء؛  كلمات مفتاحية:

Résumé 

Les matériaux sandwich jouent un rôle essentiel dans de nombreuses industries grâce à leur combinaison unique de 

légèreté et de robustesse. Ils offrent une excellente résistance mécanique tout en réduisant le poids structurel, ce qui est 

particulièrement avantageux pour l'aérospatiale, l'automobile et la construction. Leur utilisation améliore également l'efficacité 

énergétique et réduit les coûts de production. De plus, ces matériaux fournissent de bonnes propriétés d'isolation thermique et 

acoustique. Dans le domaine du génie civil, les matériaux sandwich sont de plus en plus utilisés pour la construction de ponts 

et de bâtiments, car ils permettent de réaliser des structures plus légères et plus résistantes aux contraintes environnementales 

et aux charges dynamiques. En s'appuyant sur l'importance des matériaux sandwich, ce travail se concentre sur l'étude du 

comportement mécanique des plaques sandwich en matériau composites antisymétriques. L'étude est réalisée en utilisant une 

nouvelle théorie raffinée de déformation et de cisaillement d'ordre élevé à quatre variables sous chargement mécanique. 

Cette approche novatrice offre plusieurs caractéristiques importantes : elle intègre les effets de cisaillement dans les 

calculs de déformation sans recours à des facteurs de correction de cisaillement. Les contraintes de cisaillement varient de 

manière parabolique à travers l'épaisseur de la plaque sandwich. De plus, la théorie satisfait la condition de nullité de ces 

contraintes de cisaillement aux surfaces supérieure et inférieure de la plaque sandwich composite. Les résultats numériques 

obtenus à partir de cette théorie raffinée d'ordre élevé sont comparés avec ceux d'autres théories d'ordre élevé bien connues. 

En conclusion, cette présente théorie raffinée de déformation et de cisaillement d'ordre élevé à quatre variables est 

précise, validée et reconnue comme efficace pour étudier le comportement mécanique des plaques sandwich en matériau 

composites. 

Mots clés : matériaux composites, plaque sandwich, flexion, théorie des plaques d’ordre élevé raffinée, cisaillement 

transverse. 


